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OUTLINE

In cricket, the toss of a coin is used to decide which team
gets to decide the order in which the teams bat. While this
might be good under some idealistic assumptions, data from
past matches and analysis under slightly different assump-
tions shows that the toss might provide one team an advan-
tage.

We seek to remedy this, and propose the use of a sealed-bid
auction to decide which team gets to decide the order in which
teams bat. We also argue that this mechanism is a suitable
choice even when the teams do not have knowledge of their
exact valuations by invoking the idea of Knightian auctions.
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INTRODUCTION

1.1 Motivation

A game of Test cricket is played between two teams of 11
players each over a period of 5 days. A game consists of four
innings, and the teams alternate between batting and bowling
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in the four innings. Before the start of the game, the winner
of a coin toss between the two teams gets to choose which
team bats first. Given that the game is played over a long
period of time, during which external conditions may change,
the order in which the teams bat can have a big impact on
the game, and therefore the winner of the coin toss is at an
advantage of at the beginning of the game.

The idea of the toss has persisted under the assumption
that, across many games played over the course of many years,
the advantage gained by a team winning the toss will not
matter, and the better team will win more often than not ir-
respective of the result of the toss. However, in retrospect,
this assumption has not held up. As David Franklin wrote in
Wisden [1], “[o]f the 1,397 matches that have produced a win-
ner, 737 of those (53 per cent) were won by the team winning
the toss, and 660 (47 per cent) by the team losing it.” Given
the number of matches under consideration, this difference
is significant, especially in a highly competitive professional
sport. Such scenarios become tricker for away teams as the
home teams already have advantages of home conditions and
might as well have altered the pitch to suit themselves.

In this work, we use mechanism design to study alternatives
to the toss that try to negate the advantage within the game
itself, and not across the games. We first analyse the toss as
a mechanism, and consider the assumptions under which the
toss works as intended in not giving the teams an a prior:
advantage in the game. We then explore alternative mech-
anisms to the toss, including sealed-bid auctions proposed
David Franklin, and formally analyse the propoerties of these
mechanisms under certain assumptions.

1.2 Problem definition

In our setting, we have two agents N = {TEAM;, TEAM2}
corresponding to the teams playing the match. Each agent
has the same type set ©; = {0%,,,05,,.}, corresponding to
the preference of a team to bat first, or bowl first. We define
the set of outcomes as

X = {(k, tTEAMl ) tTEAMg ) |k S {1, 2}, tTEAMl ) tTEAMQ € Z}

where k is the team that gets to bat first and ¢; refers to the
initial score, which is positive for the team that bats first and
negative for the other team.

We assume a quasilinear environment, where each team’s
utility is defined as

ui(x,0;) = vi(k,0;) +t;



where x € X and k is the team that wins the choice to decide
the outcome. z.

In this setting, we seek to design a direct mechanism D =
(OTEan; s OTeamy, f) With the social choice function f to result
in an interesting and evenly contested cricket match.
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EXISTING COIN TOSS MECHANISM

The existing coin toss mechanism could be modeled as a ran-
domized mechanism [41] uniform over two deterministic mech-
anisms. For each outcome of the coin toss, we select a deter-
ministic mechanism. Both the players don’t pay anything
after the coin toss. So the value of tis would be 0 and
ui(x,0;) = v;(k,0;) for both the players. The existing so-
cial choice function chooses the team that bats first by the
toss of a coin. In formal terms, the function is defined as
follows for a type 6 = {0y ,04}

£(0) = (TEAM],0,0) if COIN = HEAD
B (TEAM3,0,0) if COIN = TAIL

where the COIN tossed is unbaised with Pr[COIN = HEAD| =
Pr{CoiN = TAIL] = 0.5.
We analyze this mechanism under two different settings:

1. The two teams evaluate the pitch similarly. i.e. both ei-
ther value batting first or bowling first. This is an idealis-
tic assumption, and often teams prefer specific outcomes
under certain conditions.

2. The two teams differ in their preferences and/or valua-
tions. This is a more realistic setting that considers how
teams may have specific preferences in certain conditions.

Case 1: Both teams have same preference

Consider a scenario where a test match is played on a dusty
pitch. Both teams would like to bat first as the pitch would
lose its shape and would become difficult to bat on as the game
progresses. Batting first on day 1 earns TEAM; and TEAM,
team some latent runs say r; and ro respectively. Since both
teams would like to bat first, we neglect their beliefs 65, for
bowling first on the pitch. So, the type set ©; = 6f,,. The

utility function u; : X x 6; is defined for both the teams as:

w1 (TEAMy, 05,,) = 71 uz(TEAM1, 03,,) =0

w1 (TEAMQ, 0]13AT) =0 U2(TEAM27 9123AT) =T2

We could also think of an exact opposite scenario where a
test match is played on a wet pitch with overcast conditions.
Both teams would like to bowl first as the conditions would
aide the faster bowlers with the new ball. Batting first on day
1 would cost TEAM; and TEAM, team some latent runs say
—r1; and —r9 respectively. Similar to the previous case, we
neglect the players belief of batting first 6%,.. So, the type

set ©; = 0%,.. The utility function u; : X x 6; is defined for

both the teams as:

w1 (TEAMY, 0%,,) = —71 up(TEAMY, 03,,) = 0

u1(TEAMs, 0L,,) = 0 u(TEAM, 03,,) = =72

Lemma 2.0.1. Case 1 is optimal i.e no team has any advan-
tage iff ry = 7ra.

Proof. To show that no team has any advantage is coin toss
mechanism if 71 = r5 in case 1, it suffices to show that the
mechanism is AE(allocatively efficient). This would imply
that the resources(runs) are fairly distributed between both
the teams. Since coin toss mechanism is a randomized mech-
anism, we need to prove that it is AE in expectation.

Consider the scenario where both teams want to bat first.
Total expected valuation(E[v;(k,8;)]) for all k € K:

Z Elvi(k,6;)] = 0.5 - (v (k, 0]13AT) +val(k, 912?>AT))
iEN

(1)

Using equation 1 we get:

k = TEAM; Z ]E[’Uz (TEAMl, 91)] =17 /2
1EN

k = TEAM, Z ]E[Ul (TEAMQ, 01)] = 7"2/2
1EN

Since 71 = 72, so the value of ), E[v;(TEAM;, 0;)] =
> ien E[vi(TEAM,, 0;)].  Similary, in the scenario when
both teams want to bowl first, we can also show
that >, v E[vi(TEAM,0;)] = —11/2 = -—ry/2 =
> ien E[vi(TEAM,, 0;)]. Hence the mechanism is AE in ex-
pectation.

To prove that the converse is true, we observe that if no
team has an advantage in the coin toss mechanism, it must

be AE in expectation = E[vy(.,0y)] = E[va(.,04)]. For
the first sceanrio, we have:
> Evi(TeAMy, 60;)] = > E[vi(TEAM,, 6;)]
iEN i€EN
— 7“1/2 = 7"2/2
= T'1 =72
Similarly for the second scenario we have:
> E[vi(TeAM, 6;)] = ) E[vi(TEAM,, 6;)]
iEN ieN
— —T1/2 = —7“2/2
— 11 = T9
O

From lemma 2.0.1 we learn that when both teams have sim-
ilar preferences, the existing coin toss mechanism is fair only
under the assumption that both teams earn the same latent
runs when they bat first. This seems to be an impractical
assumption in a real world scenario because every team has
its strengths and weakness. Considering various factors, the
probability that two teams perform identically on the same



pitch is almost negligible. So, the mechanism won’t be al-
locatively efficient in expectation in most situations. Hence,
in the real world, we can say a coin toss mechanism is not
fair(optimal) when both teams have similar preferences and
favor a team with an advantage in terms of latent runs.

Case 2: Both teams have different preference

Consider a scenario where a test match is played on a pitch
that looks hard, and teams believe that it doesn’t deteriorate
as the game progresses. A team with a good bowling attack
might prefer batting first because they feel that they can bowl
out their opponents quickly in 4" innings. On the other hand,
a team with a solid batting lineup might prefer bowling first
because they feel they can chase easily in the 4" innings. In
such a scenario, teams prefer a particular outcome but don’t
completely rule out the other outcome(not biased), unlike in
case 2 where the team is certain of an outcome(biased) and
we could neglect the belief of the other outcome. So, the type
set for each player ©; = {0}, ., 0% .. }. The team batting first
could earn some runs and as well as also lose some runs based
on its preferences. Let 1 and ro be the net amount of runs
earned by TEAM; and TEAM; respectively. Then the utility
function u; : X x 6; is defined for both the teams as:

Ul(TEAMl, 91—[) =17
ul(TEAMg, GH) =0

UQ(TEAMl, GA) =0
UQ(TEAMQ, 9,4) =T9

where 0 € Oy and 04 € ©4.

Lemma 2.0.2. Case 2 is optimal i.e no team has any advan-
tage iff ry = ro.

Proof. The proof is quite similar to the previous proof in
lemma 2.0.1. We need to show that if if no team has
advantage in case 2 when r; = re by proving that the
mechanism is AE(allocatively efficient). Total expected
valuation(E[v;(k, 8;)]) for every k € K is:

> Eui(k, 0] =05 > vu(k,0m)+05 Y va(k,0n)

iEN 0 €O 0A€EO 4
(2)

Using equation 2 we get,

k = TEAM;, > E[vi(TeaM, 60;)] =
iEN
k = TEAMS,, Z Elv;(TEAM, 0;)] = 72
iEN
Since 71 = ra, so the value of 3, \ E[v;(TEAM, 0;)] =

> ien E[vi(TEAM,, 0;)]. Hence the mechanism is AE in ex-
pectation. Similar to previous proof, to prove converse is
true, we say that the mechanism is AE. Using this we get:-

> E[vi(TeaM;, 60;)] = Y E[v(TEAM, 6;)]
iEN 1EN
= 1 =712

Similar to the previous case argument, we could say that in
most scenarios, the mechanism won’t be allocatively efficient
because 11 = 75 is not a very realistic assumption. Hence, the
coin toss mechanism is not fair(optimal) even when teams
have different preferences and favors a team with an advan-
tage of latent runs. To sum up, we formally proved that the
coin toss mechanism is not fair(optimal) using lemma 2.0.1
and 2.0.2 except in some highly unlikely cases where both the
teams perform identically same on the pitch.
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SEALED BID AUCTIONS

The proposal of David Franklin is a direct mechanism similar
to SCF1. Instead of the players making bids on an object
with money, the players instead make bids on the choice to
bat or field first with runs. Thus the value of ;s would be the
runs each team is willing to bid and the choice to bat or field
first is allocated to the winning bid. The payment is made in
the form of runs to the losing bidder. Here we use the idea of
negative runs for the analysis. However, in practice the losing
bidder simply starts with extra runs as referenced in Fig. 1.
Let f(0) = {(k,tl,tg)‘k S {1, 2},tTEA1\41,tTEAM2 S Z}

3.1 David Franklin’s proposal

David Franklin’s proposal allocates the choice to the highest
bidder at the highest price. More formally:

1if6; >80
KO =1, =
2 otherwise
Suppose we have an indicator function

I[k:i]:{lifk_i

0 otherwise

Then the payment for the home team is

tl((g):—l[/{izl]'Hl—i-[[k:Q]-02

Similarly the payment for the away team is

to(0) = —I[k = 2] - 0o + I[k = 1] - 6

Clearly this satisfies Strict Budget Balance (SBB) since the
sum of payments is zero. The following lemmas explore the
other properties of this function.

Lemma 3.1.1. f is allocatively efficient.

Proof. I 61 > 02, v1(k(0) = 1,01) + 0 =61 > va(k = 2,05)
0. Similarly, if 61 < 02, 0+ ’Ug(k(o) = 2,92) =0y > Ul(k =
1,0,) = 0;. Hence f is AE.

O

Lemma 3.1.2. The proposal is Ex-Post Efficient (EPE).



Proof. Since f is both AE and SBB, by Lemma 18.2 in [3], f
must be EPE. O

Lemma 3.1.3. f s
compatible (DSIC).

not dominant-strategy incentive-

Proof. Suppose 61 > 05. Suppose 1 bids 05 < 0 < 6;. Then
the utility for 1is uy =6, — 6 > 0. O

Lemma 3.1.4. f is non dictatorial.
Proof. Since the utility function is quasi-linear, by Lemma
18.1 in [3], f cannot be a dictator. O

3.2 A Vickrey auction-inspired proposal

Inspired by the idea of the highest bidder paying the second
highest bid in the case of a Vickrey auction, here we consider
the following mechanism.

1if6; >0
k(o) =< " L=
2 otherwise
Suppose we have an indicator function

Ik = i lifk=1
= =
0 otherwise

Then the payment for the home team is

t(0) =1k =1]-0, — I[k = 2] - 0

Similarly the payment for the away team is

t2(0) = I[k = 2] - 05 — I[k = 1] - 6,

Again, this satisfies Strict Budget Balance (SBB) since the
sum of payments is zero. The following lemmas explore the
other properties of this function.

Lemma 3.2.1. f is non dictatorial.

Proof. Since the utility function is quasi-linear, by Lemma
18.1 in [3], f cannot be a dictator. O

Lemma 3.2.2. f is allocatively efficient.

Proof. If 61 > 65, vl(k(H) = 1,6‘1) +0=20; > ’Ug(k = 2792)
f5. Similarly, if 6; < 05, 0 + Ug(k(e) = 2,92) =0y > Ul(k?
1,601) = 0. Hence f is AE.

O

Lemma 3.2.3. The proposal is Ex-Post Efficient (EPE).

Proof. Since f is both AE and SBB, by Lemma 18.2 in [3], f
must be EPE. O

Lemma 3.2.4. f is dominant-strategy incentive-compatible
(DSIC).

Both teams submit bids b; and by

YES NO

by > by?

Team 1 chooses and NO
Team 2 starts with
a score of by in their

first innings

Team 2 chooses and
Team 1 starts with
a score of by in their
first innings

Team that chooses
is determined by
coin toss

—— ( END

Figure 1: Flowchart depicting the second-prize sealed-bid auc-
tion mecahanism we propose, where one team gets to choose
who bats in the first innings of the match in exchange for the
other team being allotted a number of runs at the beginning
of their first batting innings.

Proof. We’ll show that this follows Groves’ payment rule.
Then this and the fact that f is AE implies that f is DSIC.
In Groves’ payment rule, t; = vy(k*(0),02) + h1(62), and
t2 = Ul(k* (0), 91) + h2(91) In the scheme,

t1(0)=1Ik=1]-0, — Ik =2]- 6
. Since vy (k,01) = I[k = 1] - 61, this can be re-written as
t1(9) = Ul(k, 91) + h1(92)

where hy(02) = —I[k = 2] - 05. Similarly, the same follows for
t2(6). O

The second-price auction is a mechanism that is determinis-
tic, and hence simple to practically implement in the context
of a cricket match. Figure 1 summarises the mechanism in
a way that can be easily explained to players and viewers of
the game. Additionally, under the assumption that players
know their valuations exactly, the mechanism is DSIC, which
is highly desirable.

4

BEYOND EXACT VALUATIONS

So far, we have presented our arguments under the assump-
tion that each team knows their valuation exactly. However,



given the complexity of the real world situation, and the num-
ber of variables involved, this assumption can prove to be
quite realistic.

We can relax this assumption, and instead consider the
case when we assume both teams draw their valuations in-
dependently from the same distribution. However, even that
assumption is quite strong given the nature of the game. Dif-
ferent teams have different strengths, and would thus value
the pitch according to their strengths. For example, on the
first day of a Test match in overcast conditions and a suit-
able pitch, a team with a strong fast bowling attack might
choose to bowl first, while a team with a strong spin attack
might choose to bat first in the hope of taking advantage of
spin-friendly conditions in the final innings of the match.

We seek to understand how to design a mechanism when
teams need not be certain of their exact valuations, and still
try to obtain guarantees on the performance of the proposed
mechanism. To do so, we turn to the concept of a Knightian
auction proposed by [2].

In a Knightian auction, a player’s valuation isn’t guaran-
teed to be drawn from a known distribution. Instead, players
are assumed to have only a set theoretic knowledge of their
valuations. That is, the players only have the knowledge that
their true valuation lies in a set of integers. They consider a
case where the set of possible values is defined using a multi-
plicative inaccuracy around a chosen point. Given a number
x, the set of possible valuations K; for a player ¢ is defined
as [(1 =)z, (1+ 6)x] N Z, where 4 is the uncertainty a player
has about their valuation. For example, if a team values the
choice of batting first as somewhere between 45 and 55 runs,
we could model this with K = {45,...,55}, x = 50, and
0 = 0.1 indicating a 10% uncertainty around the point 50.
Note that while we define the set in terms of x, z is not re-
lated to the true value, and the true valuation maybe any
element of the set K, and is unknown to the player 1.

4.1 Definitions
The Knightian context for our cricket case is defined by

o Set of players N = {TEAM;, TEAMs}

o Set of valuations {0,1,..., B} where B is the valuation
bound. This is a reasonable assumption in cricket (given
the finite amount of time), and the setting allows for the
choice of a generous bound like B = 100.

o The uncertainty ¢ of the context, which is the maximum
uncertainty among all the players

e The profile of candidate-valuation sets K = (Kj, K>)
which are known to the players, where K; = [(1 —
8, (14 0)z;] N {0,1,..., B} for some x; € R

e The profile § = (01, 02) of true valuations of the players,
which are unknown to the players themselves

e The profile X of outcomes, which are of the form
(k,t1,t2) for allocation k, and run payments ¢1, to

o The profile u = (u1, usz) of utility functions, where

We also define the maximum social welfare as the sum of the
value functions under the true valuations, vy (k, 61) +va(k, 02).
Since v; depends on the allocation k, one of these terms will
be 0.

4.2 Dominant strategies

The first possibility considered by [2] is the existence of very
weakly dominant strategy equilibria in Knightian auctions.
This approach is directly extends the revelation theorem from
exact valuations to candidate-valuation sets. For example,
if we have a situation where K; = {45,...,55} and K, =
{55,...,65}, then for any pair of true valuations of the teams,
the away team will have a higher valuation. In this case, K5
dominates K.

[2] present formal definitions of dominance in the context
of Knightian auctions in terms of mixed strategies of players
over their candidate-valuation sets. For dominant strategy
mechanisms, [2] prove a negative result. We state Theorem 1
from [2] informally here, and refer the reader to the original
paper for the full statement and proof.

Theorem 4.1. For alln >1, § € (0,1), and B > %, no

(possibly probabilistic) very-weakly-dominant-strategy-truthful
mechanism can guarantee a fraction of the maximum social
welfare greater than

1,5+t

n
in any Knightian auction with n players, valuation bound B,
and inaccuracy parameter §.

Theorem 4.1 shows that the fraction of the maximum so-
cial welfare that a dominant strategy mechanism can never
guarantee a fraction of the maximum social welfare that is in-
versely proportional to the number of players. In other words,
any dominant strategy mechanism where players report their
valuation ranges is unlikely to do better than selecting a win-
ner uniformly at random. Since the toss already achieves this
outcome, introducing a mechanism that adds more complex-
ity without guaranteeing better outcomes is not desirable.

4.3 Second-price Knightian auctions

In contrast to the exact valuation setting, the second-price
auction is not a dominant strategy incentive compatible mech-
anism in the Knightian setting. This is because each player
does not know their true valuation anymore, and therefore
cannot determine whether it is optimal to bid their true valu-
ation. However, [2] still find that the second-price auction is
guaranteed to achieve a lower-bounded fraction of the maxi-
mum social welfare.

We restate Theorem 2 from [2] informally, and direct the
reader to the paper for the formal statement and proof.

Theorem 4.2. In any Knightian auction with n players, val-
uation bound B, and inaccuracy parameter §, the second-price
mechanism (with ties broken randomly) guarantees a fraction
of the maximum social welfare that is

1-6\?
14+6



We illustrate this with an example. Consider Team 1 with
candidate-valuation set {36,...,44} and true value 42. Con-
sider Team 2 with candidate-valuation set {41,...,49} and
true value 41. Both teams have an uncertainty of § = 0.1 in
this case, and the maximum social welfare is 42. However,
Team 1 (being conservative) bids 36, and Team 2 (being very
eager) bids 49. Team 2 wins the bid, and the payment is 36
runs. Here, the outcome achieves % ~ 0.86 of the maximum
social welfare, illustrating how this scheme achieves good out-
comes even under uncertain circumstances.

In the limit of 6 — 0, this converges to the Vickrey auction
proposed in the case of teams knowing their exact valuations.
Thus, in the second-price mechanism, we have a mechanism
that has mathematical guarantees under strong assumptions
of variability of the situation, and provides reasonable ap-
proximations to the maximum social welfare (even § = 0.15
allows teams to choose from ranges of 10 runs or more for bids
around 50 runs while guaranteeing better outcomes than the
toss).

A very important feature of this mechanism is that the
designer need not be aware of §. The value of ¢ is useful in
deriving bounds, but the auction can proceed as usual. In
fact, [2] also prove that among deterministic mechanisms, the
second-price auction is optimal (see Theorem 3 of [2]).

4.4 Doing better than the second-price
auction

[2] also presents a way to design a probabilistic undominated-
strategy mechanism that achieves a better lower bound on
the fraction of maximum social welfare. However, such prob-
abilistic mechanism might not seem intuitive to players and
audiences. In addition, the design of the mechanism requires
knowledge of §, which the designer cannot know exactly, and
can vary from match to match. Thus, while it is possible
in theory to do better than the second-price auction in the
Knightian setting, such a mechanism might not be feasible to
implement in the setting of a cricket match. We thus believe
the second-price auction achieves a desirable balance between
guarantees on optimality and ease of implementation.

CONCLUSION

In this report, we study mechanisms for choosing the order
in which teams bat in a cricket match. We find that the ex-
isting coin toss mechanism has given a slight advantage to
teams winning the toss, and relies on strong assumptions.
We take the opportunity to explore alternate mechanisms,
and show that when we assume teams know their exact val-
uations, a second-price auction is optimal. We also relax this
assumption, and use the idea of Knightian auctions [2] to
consider how the second-price auction performs when teams
don’t know their exact valuation. Given that the Knightian
setting does not assume that the players know their valua-
tion or even the distribution of their valuation, but instead
choose a valuation from a range of values, we believe this
analysis is better suited to studying the mechanism in a real
world setting. Even in a Knightian auction, the second-price
mechanism is shown to have usable guarantees. We therefore

believe this would be a good mechanism to adopt for use in a
cricket match.
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