
Flip Dynamics
I - choose VEI , C Er C

2 . Let Sdv , c) = { w/
there is an

alternating

path b/w V , w using

let so (V , Gcv) ) = 0 colors < and Gcu )}
GCV ) C Gcu )

C

For ex - ①-0-0-0

Let L = I so Cv, c) )

with prob 7£ flip so Cv , C)

by interchanging c and SCV )

C Scv ) c Gcv)

For ex - ①-0-0-0

for ex & c
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why Pay ? Each u E Soc v. c) gives
rise to the same cluster

.

⇒ Each cluster is flipped with prob Pa .



Irreducible : when c Et { Gcw) ( wench}
(when 1420-12) equivalent to Glauber Dynamics .

( which is irreducible) .

Aperiodic : self looses when

c = Gcu)

symmetric : Flipping Sdv, c)

results in coloring 6' , Flipping
so . ( v , Av) recovers o .

Both occur with prob Pa

where d = I socv.cz/=/SgHaM

Prob Vales -

Pa = Max (O , tf - f- CHET . - - t

⇒ 9 ,
= I

,
72 = 143-2 ,

93 -- I

74=22 , as =3,
s Po =#

Pa = 0
,
d > 6 .



Why these ?
i

.

In the analysis we will
heed -

i) 2 ( i - 1) Pi t hit ,
E Zz

ii) ( j - 1) ( q . - P ; + i) t i ( Pi - Piti) - E
iii ) c-pit a = I

ir) ( i - 1) ai k 293 =3 r ) ( i - c)Pi Lf
F C 72

Path coupling Analysis
0 (9 T ) = Hamming Distance bb6a

d

consider two states
that

differs at Vwand
①- Ow as -

O_0
Hamming Distance

= 2①-④
①-00-01
I



Distance in space
of valid

colorings = 3

①-⑤A ①- Ow
-

①-O-O_O

Thus we redefine state space

to be CV
.

→ If the chain is started at
a

proper coloring it stays a
proper

coloring
→ if the chain

starts from an

improper , it'll eventually
reach

a proper
( Doesn't this break irreducibility

?)



simplifying
→ Each y E S• Cm, c) gives

rise to the same cluster .

Thus it is enough to
reason

about clusters instead of

vertices .

When can clusters
differ ?

Suppose
6
,
I differ only

at

V .

Let - WE Ncr)

The clusters
that are different

i) Ss Cv , c) and Sz
Cv , c)
b

d
Has Gcv) and C Has ICD

and C



ii) so (w, Tlv)) and
L Secaucus)

V
" blocks

"

the cluster

in 6
,
whereas

it doesn't in T

For all other clusters , they
can either -

i ) Be re - indexed to one
of the two above

cases

OR it) Be exactly the save in
both 6 an L T .

For the 2nd case, we use

the identity coupling and so

distance does not change .



Analysis set up
Let

f = neigbours of
V ccolored

C

Dc = { So Cv , c) ,
Sz Cv, c) ,autsiroering { So lust "' '

, }
clusters

associated Sz ( w, Gcv)) }
with C - WE

Note : Dan Doe = 0 except

for Docu) h Deus

( which may
or may

not)

For ex -



0
Door, -_S¥D → sdwia.tw)

S -1404))
→ saw ,

-cu))

Shui , -4N go)
s-yi.am
wie soul ① /Deaf Salvius)
0
"

Soc This) )
n

Selvi , 0041
Solar , -44

WIEBE,
Elgar))

→ Sochi , -44)
= St (wa ,

ocr)

This case will be
dealt will

separately .



Our coupling f is such
that

( i) tf s ¢ µ Dc , f Csf
=s

Identity .

( ii) tf S C- Dc
,
f CS) EDC

Thus E (OE ) =

{ I E CORE]k f
expected change in

0 given both chains
flip a cluster in Dc .

eat to one chain flips

a cluster in Dc byCi)



Let Go = / To / = no .

of C

colored neighbours .

Main Lemma

a) if Se
'

- O
,
E [0*0] E - I

b) If Sc > 0, E [0%0]
€ Ifsc - A

Main Them: flip Dynamics
mixes in ocnacogn) given
k > 1¥



Proof ( uiven the lemma) :

# colors c , Sc = 0 ( i - e .

doesn't appear in neighborhood or- v)

= k - Igc . I so > 031
t in at least

colorsore neighbour .

= k - E 1
co

Sc . So

Now § E (0%0 )
E E C - D t E Iso - I

C ' d
Gd
-

- O
Sd so



= ( k - Et ) ( t) t { Isa
- I

c
"

co

Sci so gobo

=
- k t C e Gc

C' 6

Sd >o

= - k t lots
-

'

.

If K > GIO , this will
be negative .



Proof of Main lemma

a) It So-so , ⇒ Dc -- { Sdv , c)

Also so Cv , c) = Sqcv, c) SI CY93=43
.

Thus the only possible coupling
i's

identity . That reduces distance

by A- .

⇒ Eloped ] = - I

p
CEI

'

s

b)
So Cv , c) = Vi Sel wi ,

och)

U Ev }
t

V " blocks
" the

clusters .



similarly -

Sz (YC) = Uj so (Wj , Tcu))
✓ { u } .

Let
Ai = 1St Cwi ,och ) /

A = I so Cv , c) I

bj = I Sgcwj ,
Tlv ) ) l

B = I see Lv , c) I

Technicality : it may be that
SI ( wi

,
Gcu ) ) = See ( wi a ,

au ) )

or EE:'m



For such cases just set Ac. .
= 0 . i - e . each such cluster is indexed

by exactly A neighbor
.

Coupling -
het
Amax = miax ai
imax = argmiaxai
bmax = m.ax b ;

j

Imax = argmjaxbj



Icv
,c)

couple :

1 .
With prob PA flip Sdv, c)
and St (Wimax , 60

) )

2 .
With prob PB flip Stelvio)
and So ( wjmax , Tlv ) )

3 . Let

% = { Pae
- PA

,

if D= Imax

Pae ,
01W

% = { P be - PB ,
if I = Imax

Pbl
,

01W



For each we ,
3. a . with prob min (ge , q 'd )

flip Se( we ,ocv))
and

Socwe , Tcu ))

3. b . with prob ge
- min

( Eagle )
flip St (we , Gcu ) )

3C
. with prob get -min

( qe ,qk )
flip Socwe

,
Tlv ))



Marginal : a) So Cyc) is

flipped with prob PA

St ( v, c) is
flipped with prob PB

in step A- 12

b) So ( Wimax , TLV) )
w Loh assume qe 291

flipped with prob PA in

step A .

Then with prob Pae - PA in
step 3 a

i. totally with prob Pae
.



e) St ( Wimax , 6cm)
Whole assume qe L get

=) flipped with prob B in

step 2 .

with prob qe in step

3A .

with prob Rbi - RB - Ge
-

'

- totally with prob
9 B t get Cbe

- G - Ge

= Pbl .

Similarly for the others
.

Thus each cluster is flipped



with prob Pd
.

coupling Analysis

step 1 : the nodes
shared

b/w Soo, c) and S-dwima.ie!
are identical .

⇒ Distance increases by
at most A - a max - I

↳ V was

already mismatched
step

-

2 : similarly ,
B - bmax - l -



step 3. a
'

. Salwa , ar ) )

and So (we , Icv)) are disjoint

apart from we .
.

'

.
dist

increases by art be -f
We counted
twice .

step 3b : Dist increases by ad
3. c : Dist increases by be

het fcwe) = min ( qe , get
• ( at the - t)

+ ( qe -min) al t (gi -min) be



= qeae t q'd be - min

Now E[Do JE PA (A - Amax-D
1- PB (B - bmax - 1) the flare)

we Eff

case

So =L
-

there A = a , t I
,
B = bit I

wLoa : q . sq .

'

⇒ f Cw ,)= q .
A ,
t q ! b ,

- g:

⇒ Elope07€ Pa ( a , t l
- a ,

- 1) t PB (bitt - bi - t)

1- oh , a , t qi b , - q!



substituting q ,
= Pa

,

- PA

q
'

,

= Pb
,

- PB

⇒ E (4×0) ⇐ ( Pa
,

- Pa) ai t

( Pb
,

- 1B) b , -

( Pb , - PB)
±
a . ( Pa , - Pa) t ( bi

- ')
( Pb ,

- PB)

± a. ( Pa , - Pa
,
+ 1) t ( b. - i )

( Pb
,
- Pb

, ti)
Recall "

keg property
"

il fi - Piti) t C - 1) ( P ; - H- tilt I



⇒ Eloisa 0 ) t ft

£=2@
Claim : When Sc = 2 , ECO..
is maximized (worst case) for

a , =az = a E 3
an d

b , = bz
= b= I

Given the claim
-

f- CoD = a Pa t b Pb
- Pa

F Coa) = a ( Pa - Pa) t blab - Fs)
- (Pa - PA)



# [0%0]=2 PACA - a - i) t BCB -b
-t)

t ca -Daa + b %
1- ( a - D ( Pata) t blast)

substituting A- = 2at l

B = 2b -11 = 3

← Psat , Cha H - a - 1) t fab# (2b - b)
+ ( a - 1) (2Pa -Kati) * b (2lb -Fs)

E 2 ( a - 1) Pa t Paa + ,
1- 2b lb

E 2 Ca - 1) Pa that '-2f : oh =D



First " key property
"

2. ( i - 1)Pit Biti t Zz

⇒ Elope E Zz t 2

= Zz +3
- I

= ¥8 - I

-

- 2µF) -I
=

soft) - I



Sc S2
-

het gcwe) = ad Part bike
- min ( Tae

, Pbl)
Note : glue) = fcwe)
for tf imax Fjmax .

If D= imax = Imax

f- ( we) = Amax (Pamux - PA)
1- bmax ( Pbmax - PB) - min Gama

,

- A
,

Pbmax - PB)



I amax ( Pmax - PA) tknaxlkma.it)
- min ( Pamax , P max)

* PA + PB

=

g ( we) + PA ( I - amad
1- Pb ( I - b mad

If Imax t Imax

f ( Wimaxtflwjmax ) =

Amax ( Pamax - At) t bi Pbi
- min ( Pamax- PA ,

Pbi ) t Aj Pj
+ bmaxcpbmax -B) - min (Pai! Banai 'd



E Amax damn t bi Poi
- min ( Pamax , Pbi) t PA

+ bmax Gmax t Aj Aaj
- min ( Momax , Pag) t RB

- amax PA - bmax PB

E 9 ( Wimax) t g (Wimax )
t PA ( I - amax)
+ PB ( I - bmax)



⇒ Grewe) E @ glue) t
FA ( t - amax)
+ PB ( l - bmax)

⇒ Econ 6) E PACA - am.> D
+ PBC B - bma;D tf glue )
t PA ( l - amax) + PB ( t - bmax)

£ Pa ( A - 2amax) t PB ( B - 2bmax)
→ G glare )

Recall " key property
"



( i - m) Pi LI form 22

here 2am ax 72

hence pn.CA -2amax ) Lt
Pb (B - Zbmax ) <¥

g ( we)= defeat bike
- min ( Pae

,
be)

whoa : ad Ebi and hence

Rae Z Pbl

⇒ glue) = Ae Pae 1- ( be - 1) Be



A'

Alpe E to A.

( be - Habe te 2b }
"

throatier ties"
Is 43

⇒ gcwe) E E3

⇒ECoo
.
Ok ¥ t Ly t § ¥

E 's + So - Ez
E ft Sc - I ,

So > 2


