
Lecture Kc
- -

street fighting Mathematics -

Ex - For a polynomial pin) with degree E n that is

bounded in C - I , IT for Z E C - I , I ]
,
how large

can p
' (o) be ?

I . Try Small valves of u .

For ex - h =3
,

Pln) = a + bae + CUZ + d n
}

And - l E p La) E l for - I E N E I

Just substitute random valves of se and get a bunch
of linear constraints - this can be solved with an

LP .

Lecture La : Asymptotic

Extension fo big O : O (gcn)) denotes an anonymous function
f- (n) sit . O E for) t c. gcse) for some c

,
se > No

For ex -

E i = nCna = zh2 + In = Iz h2 t och)

there och) is a proxy for f (n) = Iz z .

This we can further write as = { h2( it 0 ( In ))
-

goes to 0 as n
-soo .

More notation : c) for)= poly (gin))



equivalent to gcn>
"t)

( gcn) to a constant power) .

⇒ Fcn) = 8cg cm)
ear to for) = gcn) . poly ( log g Cn) )

For ex - a) m2 log3h = 8 (m2)
b) n23h = 8 (3" )

3) when u -30
, y (

m) → O

f- Cn) = Elgon))
⇒ for> e gon> poly log (In,)

standard Fore

gcn) is in standard form if its a product of -

i) constant
ii) constant powers of hun

iii) constant powers of n

iv) exponential functions

v) nc- n

,
c is a constant .

Harmonic Na. Example

Hu = I + I t I + . - - t In
Lets try to find an upper bound ,

± i + I + I t Ly tf tf tf tf
+ . .

- t l
-

2K

E a + I -1 I + I + - - - log he tines

E L logan) t I



Now Lets try and find a tight cover bound
,

Z ' + I + f- + I, t tf tf + f- tf x -
- - logh
times .

I l t I + Iz e .
. . login tines .

I l t Iz hog • HT

⇒ Hn E O ( login) ⇒ Hn E O ( log h)
E r Ccogn)

Asymptotic Equivalence . f-cm ng ( m) as se → a it

= Ftd = I

gens

I f- Cm) = gcse) ( II Oct) )

Prop ? Hn N Lulu )

Proof ' . Consider

f- Cru) = In' TI d
'¥¥÷
I 2

3

Now Hu is area of rectangles-

⇒ Hn E l t area under curve from 1 ton .

L l t pf
"

'z du

E i t ( en n]
.

"

= In n t a .

Similarly
,

consider each bar shifted right by 1 .

Un Z area under the curve - from 1 to htt .



Hn Z dy (htt)

Now In cult I = In Ln) ( i t duty,) = th th) ( it 0ham)
In Intl) = In ( n ( it th )) = In n t dnf ' tf)

By Taylor series , Un ( Itn) = n - NI x nz t -
. .

~ N as
n → 0 .

⇒ en n t tu tout)
= inn ( I + ninth + 0⇐nn))

Asymptotical using taylor series
In Clt n) I N

en z , + z
} for small se .

÷ Y l t E

Tite = I + I e

Ex - Tt - Tn ~ ?

It = in = rn RE,
=
Tn ( it In ± offs))

-

- Frigg ± of
=) The veqd diff

-

- En ' 01¥) In



Invert Functions

For y = X In R
,
K 7 I

N = fly) = ?

Now taking th gives as -

in y = that lndnn

⇒ eny N du n as my → a .

⇒ menu n king

⇒ a = ylny

Ex : t2 log t = n
'

,
solve for t .

210Gt log log t = 3 log n

⇒ long n ~ log t
th login n thlogt
E = ng

login
3/2

t -
- in

log
"2h

Minimizing wet parameter

For ex suppose running time is given by oCr¥ ) + Octlogt)
Now we want both of these quantities

to be nearly equal since ocatb) = 0 (cnaxla
,
b))



in for h¥ = t log t

Then we saw above that + = n3
( Og

'12 t

lecture 3 : More Asymptotes .

Birthday Paradox .

h balls into ur bins .

prfuo collision) = i
. ( i - Im) ( I - Im) . . . ( l - )

I + R E e
n

⇒ an,m E e
- o

.

e-
"m

. .
. e-n

± exp (
- Im ( it 2 -t - - - t n -

i ))

± exp ( Im . in-law)
- Z - Cse

?

I - n z e

⇒ an,m I exp (In lnkn) . exp (⇒ ( 12+22-1 . .
- + Ln -

Z exp ( -Imcnlz ) . exp ocn3 ))

Z exp ( Im cnua) . ( i - 0Lmn) ( small if n - - m
"

)

now exgf-tmnan-IJ-expfzmy.ee/an-m)=expL-aIm)lit0LEn))
⇒ him I exp ( IE) - fit often)) ( i - off))



which term dominates ? Lets look at the equal case -

f- = Im2
⇒ I = I ⇒ n = Fn
m

⇒ , I { o ( Mmr ) , n z Tm

O (Ym)
,
n e Fn

How should n be as a function of her so that Pym
is nearly half ?

here opt-In ) = I
⇒ n = 2in = 0 Crm)

here an,m = I I 0 Crm)

Asymptotic of Factorials

simple upperband
: hn

ML
simple lover bound : ( Z)
⇒ Itn E tu Cn ! ) k n en Cn )

=) h ! = 2
O Chin n )

Alternatively, from Taylor series of eh = It n -122,431? -1 . . .

y÷ E e
"

⇒ n ! z I
en



Now the value of n that maximizes RUS ( tightest
bound)

ennui" - siren
= n (n -a)Einen) = T
ene

⇒ seen = O

n

i
.
n ! I no

i - e . n en (z) E tu Cn !)

⇒ n @uh - t) E tu (n !)

Another alternative : Let flu)= huh!
Then ffy = ¥

"

.

(htt ) ? hh

-

- cn -

- ft 'd
"

⇐ @
"n)" -

- e

This gives the same bound : h ! Fr hehe
( since fu) = I and fchtl) = efcn))

Another perspective - -

Lulu!) = & tu Ci ) Z finna dm
.

n

⇒ Enema - n]e
Z n en n - n d- I



"""

€tie
"

now the loverbound '

is adding these
"

triangles
"

to the curve area .

These are half of the area of the rectangle .

= Iz truth)

⇒ En tu n - h t l t iz th Lu)

⇒ Enn . e e n ! I enter
⇒ n ! E 8 ( II )

Stirling's Fermata -

h! n TF Fr Ie
en

Asymptotic Ear Binomial coeffs -

( z) = hlh-D-kt) ⇒ for small k
,

k! (z) - n÷
Move accurately -

(2) = f÷l ' -⇒ ( t - ⇒ .
. - f -end)

⇐ z÷ exec E. ÷)



± h÷ exp ( In kk)
= In

.

( o - Lhd) ( for small k) .

⇒ ( nm) n htt if ke oft )

simple bounds ton ( ha) -
( na) e h÷ E rife. =⇐y

.

For the loverbound , notice Z Nz

⇒ ( L) -

- ETE, ¥. . - .

Z F . I -
r
-

z (⇒
k

Another idea

( na) = (fu) ⇒ wwa
.
k e uz

write k -- pm for OE p Etz .

Let vcn.nl -- ( on) + ( Y ) t -
- - + (k)



Intuitively , this is the no - or- strings of length n having k k
ones .

This also the volume of the tramming ball of radius k.

( points at humming distance E K from origin ) -

By the binomial theorem,

CHUY -

- (g) no + ( Y ) n' t . - - e (g) ake . . . an

Z ( no) not - - - 1- (g) a
.

For O E N E l
,

zeke E Ni for ie k

⇒ z n . ( Ino) + ( Y) x - - - + ( L) )
f Nk V (n , k) .

he

⇒ v Lh , k) I lied
NK

For the tightest bound we want to minimise RHS .

⇒ I f¥nY -

-
n ( i 5! Linkin = o

du

= ( Itn)
" "

q
"
( K- p - pm) = o

⇒ n -

- Pi-p
Let l -p -

- q .

⇒ Vln,k) € ( EP t n
' - o )
"

-4354351
"

'HETE' #
"" 'In



h
'
- ( HT'D
'
- U 't' 't -

- X't
'
' 'Tq p q

⇐ ht. .

n⇐ ( ta - E)

⇒ vines ⇐ f HT
E zntlln)

where Hln) = - pl og p - qlogq
which B the binary entropy -

Probability

setup : bet X
,

. - . Xn be iid bin rvs with prcxi -- 1) =p
het Sn = X

,
t - - - t Xu

E- (s) = & E EXIT = np

var [ s] = E var [ Xi ] since Xi are in deep .
i

⇒ varcxi] = E Cx ;D - ECx ; )Z
= p - p2
= pci - p) = pq

⇒ var Cs] = npq .



properties of var -

var Ext X 'T = Var Cx) t var Cx '] for in deep x, X
'

var C Xt CI = var EXT
var Cxc] = czvarcx]
var CX] = 6×2

Lifehacks : pet mean to zero .

ii) let variance to 1 .

In general : Z = S-#
6

For a fair coin : it = hp = nz
• = ing = I

2

⇒ zn = Su - ha
-

=
# (2K -n)

rn
=

= in £ 2 Xi - I

a-
this is an rvy = {Ipt , with prob 's

Now if we want Pr Csn = Iz ] this is equivalent to

the prob Pr ( Z = o] .

i - e - (nz=z÷µY⇒ !
⇐ In-ItFE2K

Tnk (Nz)
""

-

ema

E-E. K¥7:)



⇐ In Ei - In
'
- FEE

plotting this for various values of n gives the bell

curve .

Central limit theorem :

let X
,

.
-

- Xu be iid rvs .
Then the associated Zn tends

to the Gaussian
,
i.e .

Fu
, prc Zn Eu] = Pr [ NEU] I OCI ) as n -soo

GaussianRVs

z re N LO, i) it it is a continuous rv distributed
- 22/2

with pdf 0 (z ) = I e

Tat
t

ins ( 1- e-
"

da - Ef
The

"

most important
"

fact -

vet Z = ( Z ,
. - . -2£) E IRD where Zi are iid n NCO, 1)

Their Z 's distribution is rotationally symmetric .

For ex
,

in 1122 -

Zz
Z

O is uniformly¥, i.ee?E?nYEseas
each point on the unit

circle uniformly at
random.



2 roof : Due to iid
, pdf af Z -

- (Z ,
) . 0 (Zz) - - - $ (Za)

=¥t )
-

exp ⇐g zig
=

(¥)
'
exp ( I 112-112 )

Thus this pdf only depends on the length of Z -

corollary : sum of independent Gaussian s is Gaussian
.

General Gaussian rvs - Let Z N N (0,1) . Let MEIR
,
o e IR?

wet X = u t 6 Z . ⇒ ECY] = IE cu] + 6 IE CZ]

= il t O = il .

Var [ t ] = O t 02 var Cz]
= 62

Then T N N ( U
,
6)

Tip : when dealing with these just normalize back to a

standard Gaussian .

Corollary : if X ~ N ( u , ,
6?) and y N N (U2 , GI) are

independent , the sum
Z = ax +by is a Gaussian

N ( am , t buz
,
do

,

'
t b'622 )

EEZ] = a E Cx] -1 b Ect] = am
, t buz .

Var CZ] = AZ Varcx ] t BZ var [ YT = also
,

'
+ 62622

fz (z) = Fx (az ) t f , ( b 2)

wet X
"
= X ,

Y
'
= Y-12

Go 62

⇒ z = a G. x " + Mi) t b ( 6244mL)



= a 6 , X
'
t b 62 Y

"

t all , + bus .

consider the vectors ( AQ ,
b 62) and (x' , Yt ) .

we know angle of # t
'

) is van . ⇒ angle of dot product
with ( UG , , bae) is also UAR

-

WLOH consider the rotation of ( a 6, , boa) to the X - axis

⇒ dot product of ( X ' , Y
' ) with (atbTz , O) is also

distributed the same way -

⇒ z = EIJI X t am, -1 bcuz .

which is the veauived normal N (au.tbuz.at?tb6i)
Beery - Essen theorem
het X

.
. . .
X n be in deep rrs . Assume ECX i ] -

- O

and G.
2
= II CXIZ] , and if 6i2 = 1 .

Let s =

X
,
t - - - t Xu - then tf u E R

I ar Cs tu] - Pr cnzz.ae,
u] / t o - so B

where B = & E if]

For ex - coin flips -

het X i = {Inn with prob
'12

11 42

clearly Mi = 0

of = ECxi7 = I
n

⇒ & Gi = I -

⇒ ECxi3] = ⇒ B = In



⇒ I a [ Sn Eu] - K Cz Eu]) E o.SI
( ace to the theorem)- Tn

Sn = # lheads-ttcails.tn
= n-£n# = 21 - rn

rn

For Sn E w
,

H E @ + Tn ) I
2

± wear + nz
r ↳

meanSt . Dev .

U

Pr [ ZE u] = J fzcuk) da = OI
>
(u]

→ ↳ CDF .

Fact : IO (u) N FLI as u→ N -

re

Markov and Chebyshev

i) Markov : If you know only mean and that X Z O

then Pr ( X Z E] E ECXJE
alternatively

Pr [ x z EEG]] E I
E



Picture Proof : Pr (x Z E] = E [ fins ]
where I (a) = { I , k ZEO

,
0/0

het guns = I/
"

-
U

l

,
Ion) E↳

⇒ Elfin)] E E [goes] = EEE]
E

E I E ca]
E

A
"
Markov - like

"

inequality -

For O E X E A-
,
s - t - IE [x ] = E

Then Pr ( x Z E] Z Ez .

A "
words

"

proof : Assume to the contrary that Pr (X ? Ez]
2 E

z
-

I

ECXT = J prcx] .

2e dre.

O

= of
"

:(x ) a dm + afterCryan
E of
"'

prod . Ez t
e,{
"

areas - t da

E Ez .
Pr ( x - E ] + Pr Cx Zz]
t trivial upperbounty assumption .

L E . I t E
2 2

L E which is a contradiction

Chebystev
:
If you

- know both mean and variance

f t > o , Pr [ Ix-ul z to ] E L
f. 2



alternatively - Pr (H - ul It ] E Vardi
+2

gcn)

÷:÷÷:
"

t2

⇒ E[flu)] E ECgcnD-ttuu.tt -in
E ECx7.tn#-2MECx7
-
-

t2

E Vardi]
€2

.

Exc : For XZO , show

Prc x -- O] E var Cx ] E ECXZ]
- -

M2 M2

Prix -
- o] = I - Pr [ x > o ]

Fair Fast : For an rv of the form X
, +Xz t - - - t Xu .

Chebyshev can be applied even when they're only
pair - wise independent .



chervioff : IF you know X -

- X
, t

- -
- + Xm where Xis are all in deep .

Consider the simple case where Xi = {If , we 42

, Wp 112

We are interested ( for example ) in
Pr [ 1×1 Z Ot 10in Tn)

gen)
Again using a picture -

Fou)

consider gin) -_ ¥42
-tr tr

⇒ 9GHz u + tr] = Echoes] E E [glad
± Ecu'D
-

the m2

notice X4 = ( EX; )
"

= Exit some x?xj terms
1- some Ning? terms
+ some xixjxr terms
+ some Xixj Xie Xi terms.

Notice that by linearity and independence, E Cx ;3x;]
= ECXPJ . Ecxj
= ECX?] . O = O .

similarly, Xihxjtie and Xix ;D axe ago go to 0 .

Now I E Exit] = & I = n

similarly each Xi2xj2 also gives a .
# of such forms -

ways of ← ( Y) . ( 24) → ways
of arranging

choosing i and j them .

= 3hL- 3h



⇒ ECx4] ⇐ 3nF

⇒ arc x a turn ] d- ELI = ¥

Lets use an exponential instead of a n4 .

vet gcse) = e
exu

Now X Z u ⇒ e
"
z e

>u

By Markov, Pr ( e" .se?YetIgexxgM
moment generating function

¥

Ece"
' ] = E [ explxn ,) expand . - - explain)

= E[ expcxx ,)] - - -Efexplxxn)]
= E [ exp (xx.)]

"

( it i:D.

Now EE e"' ] = Iz e't iz e
-"

E e
"" ( by Taylor series

⇒ kCeM±e×u]± ex42.tn
= exp ( ¥2 - xu)

want to minimize this
,

217 - u = O

2 X = Uh
⇒ explain - E) = exe



theorems that can just be plugged In

bet X = X , t -
.
- + Xu s - t X is are in dog .

I . Hoeffding's

say ai E Xi t bi

s:{ II. II ⇐ exec -eE÷,. ) * so

2- Chernoff's

say O E Xi E t . F E s o

K C X E ( i - e) u] E exp ( -Eze)
prc x z Lite) u] E

exp ( m)
3 . If you know only a bound on the bean . UL EM

a. Cx Eci -e)un] a exp ( -et)

Pr [ x recite)Mµ ] a exp ( III Un)
4 . Sampling Theorem

say O E X E t with actual mean we .

Let h in deg samples X
,
- - - Xn .

Estimate it = X-Xn
n



if R Z 3 th (t) then Pr ( IU -til EE] ZI -s
-

EZ

Turing Machines

Running Time of an algorithm depends on the computation
model .

Main Advantage of the TM motel is that its loot. clear

what the running five Lausd
'

space usage ) is .

Them : solving Palindromes on a A- - tape TM requires r Cn2)time.

This is sort of unrealistic compared to the real world where

we do see an Ocn) algorithm .

However multi - tape Tars can solve Pals in OC n) , but it needs

b. Ln) space . In the real world we need only OCI) space .

Formally : Multi tape TMS solving Pals in time t and spaces

need Tr S = SL Ch2 )

RAM TMS
- -

A TM where the head can jump to a tape cell .

This can solve palindromes in O Ch) five and 040g n) space .

Notice that in any TM model
,
even reading input in Olnlogh)



Circuits

Boolean circuits compute boolean functions of the form

f : 20, I }
"
→ 20, I } .

OkFor ex

⑥µ
In
,

#L.

More formally , a circuit is a DAE where the notes are

gates .

B =
"

basis
"
= the set of allowed gates .

Measure of complexity -
a) size : # non - input gates.
b) depth : longest input
output path Length .

Popular Bases -

i) B = { 7 , bin A , bin v } aka de Morgan's gates .

ii) { all g : Seo, I }
'
→ {oil} } any binary function with fan - in

2 .

iii) { 7
, n-ary V

, n-ary n } de Morgan's gales but

with any fair - in .



For ex - AND {o , I}
"
→ go, I}

In model iii) this is a size a circuit -

is) & i) this needs log n Levels ⇒ Oh) circuits.

Palindrome In circuits

Palindrome : {0 , 13
"

→ {o, B ( whoa assume length even) .

Eaualitg Gadget - ①
' '

I
= On ①

E -

FEE
a b a b

Now a simple circuit -

In
⑤ £

x! Ian 424am
,

x! Yuu
this is a depth 3 circuit with size 3h in model 3

.

( not gates are ignored when computing size ltepth)

Circuit Fadely : One circuit for each length h .

A circuit family C decides a language L if Cn decides
L n 30,13? t n .



complexity Classes -

ACO : Languages decided by a circuit family of Length OCD

and size poly Ch) ( in model 3)

NC : languages decided by poly log Ln) depth and pocycn)
size . ( in any motel :

I can connect to binary gales
- using depth log h) .

P Holy : Languages decided by pay Cn) size .

Then : Multi tape Tms of fine Tcn) are simulatorble by
circuits of size 0L Ten> log n) .

"

uniformity
"
.

Fact : Halting problem B decidable by circuit families of size
812" ) .

This is because even the halting problem is just
a boolean function mapping the program in binary
to {0,13 . ⇒ the circuit can simply be the truth table
of the function .

Family Ccn) is uniform if 7 poly time ago
for outputting

Ch .

Circuit size Lowerbounds
.

Shannon : If 993
"
→ Ears heeding circuit sire r C 2.Yn)

Thm : F LEP needing s 5h - och ) for motel A-
.



Then : F LEP needing Z (3.1)n
- och)

86

Finding good coverbound is difficult .

Then : consider the garity and majority functions .I t

outputting it more than half

LSB of thebits are ok .

these are proven € ACO

similarly multiplying ambit no -s Cf Aco

Thus constant depth seems to be a strong restriction .

Word Ram Model -

→ Memory divided into
" words

"
of w bits.

→ For size n input , assume w = log h .

→ costs time I to do basic operations on words

-1
'

Basic operations
'

include add
,
sub
,
bitwise

, compares
shifts

. (multiplication not included) .
conditionals

,

random index access .

Notice these restrictions mean I can access super
polynomial space .

( by making w very large)
and do stuff really fast . But this is pointless .

Generally w = OC log h) .

Ex : Given in no is find sum .

tot -

- O this rates fine exactly
for in 1 ton as expected . och) . five and

tot + = Aci ] Oci ) space .

However tot may require
more

than A- word to store r



Trans dichotomous RAM model : running tire indep of o.

ACO RAM model ' . Basic operations are all ACO operations.

Now consider sorting .

say the integers are 0
,

.
- -

,
n - i

consider Ocn) counting sort .

I . Allocate array of size N
.

2 .

Count the #occurrences for each no . in the input .
B . print each with nonzero occurrences .

this however needs space Ocn). However even if the

no -s are 310g h bits long the space requirement
becomes Ocu 33 .

this is dependent on the size of the elements being sorted

improvement : Radix sort .

Do counting sort on each bit . O (w . n)
&

word length .

Generalized Radix -

Do counting sort on a collection of k bits KE w .

Space : OC 2K )

time : O (nq)

Basic Arithmetic

Q .

.
What is fine complexity ( implied word RAM model with w=%gnD
to add two n - bit integers ?



You can do this in OC new) time . Group the hbif

no - s in w length bits .
The carry can also

be at most w length -

Q .

.

Time to Mutt 2 n - bit no - s ?

Whoa : Assure these are grouped iz w bits . i - c .

each word is b/w O - - - N - C
.

Now the grade school algorithm runs in O (NZ) (assuming
word RAM allows word - multiplication in Oct ) ) .

Karatsubar drops this to OCN
' 0923 )

.

SOTA : Use DFT .

The : (Knuth) IFT in OCN log N) time in word RAM

model if Mutt of 2 Word in Oct) time .

Now time to multiply : O (I . log (Iw ))
For w = 0 Clog n )

O ( I log W - n logkogh
logh Tgi )

= 0 (n - en)
= O Ch )

on circuits and 2- tape Ths best known is still

och log n) .



Let mon) be time for multiplication .

⇒ Division : OC Mcu)) } iterate with Newton's method .

Kth roots : o (Mcu) )

Modular expo : O ( K MCh))
(to a k bit exponent)
a CD : OC Mcu) log h ) (note that Ececlids is actually

( of n bit no -s) quadratic time )
.

In , exp, sin, cos : OCMCh) log h) ( Taylor series I think) .

Primality Test : O ( Mcu ) . n) ( Rabin Miller) .

DFT
a

N -I
A- = Ao t a ,

h
"
t - - - t Apo . , n

bae, non
-I} in base

B = bo t b, n
'
t . - - t n .

Here these are two polynomials with parameter n .

We want the product polynomial . i.e . Rex) = Can-2×27?- - t co

Ext : Each Cj L n
3

Do carrying Iaddition in OCNN) time .

↳ Fairly simple if Division
is in Oct) .

I can interpolate an N - l degree polynomial using its
evaluation on N points .

So if I have 2N point evaluated for both polynomials, Finding
K B Just pointwise multiplications.

Now the problem becomes to do evaluation and interpolation
fast .



Evaluation is a matrix - vector product -

l:÷:n:÷:÷÷÷÷÷k÷i
( V )

⇒ Interpolation is just multiplication by
V

- t
.

Now if I choose w ; =
W
- i

= expf - anti)
i - e - V Ck, l) = wklmodn

= exp ( -2n . Kd mod n)
cool Properties-
i. Inner product of 2 distinct cols = O .

2 . Inner product of Col with itself = N

Pref : For cols k
, , R2

Inner Prod = & wiki
,

w-jkz
j

= § .ws
'

( ki - ka)

if Ki = Kz
,

= § WO I N

else
,
its a ap : §@ kinky

'

= p - wk'
- K- IN

=
p - (WN )k .

- ke

- -

I- coke -K2 1 - w
ki -Kz



W
N
= I ⇒ Nun = 0 .

⇒ cols are orthogonal to each other . To mate if
an orthonormal basis we can always divide

by TN .
C. the magnitude)

cool fact : V
"
= In . V because of this property.

FFT Magic- -

Assume N is a power of 2 .

Idea : DFTN reduces to 2 calls of DFTN,z -10cm)
which is a clear ① ( W log NS.reccurence .

The " split
"
: compute the multiplicationfor the even

columns .

Notice that the bottom half ode the result will be
the save . ⇒ This is simply a DFT Nga .

Follow

by a
" stacking " operation ( repeating the races

for the remaining) .
Now for odd cols

,

its just the previous even cot
multiplied by wi for the ith row .

so do another DFT Nk followed by a stacking followed

by an inner product .

Analysis of Book Functions

Useful tools in a lot of TCS Areas .



Usually a boolean Fn is written as f : { 0,13
"
-3 { o, i } .

Domain can alternatively be
→ Fan
→ {It}

"
where the → T multiplying sane as xon

-I → F

Range can be -
→ Fe

→ {I 13 or IR (generalization) .

consider an example function -

f- = Maj 3 : {I 133→ {It } outputs most
frequent truth rate .

Nc Nz Nz Maj 3

- l - l - I - I

- l - l
l - I

- l l - l - I

- l l l l
- D

l - I - I - i ol
' " "

•

( i , I , - t )

I
- l l

'
Ii , ;D

i i - i i t' ."¥¥bcs
l

l l '

c-i,
- i. D#

( r
,

-1
,
1)

The function Labels each vertex.

These are two visualizations
,

but here is another one -

Fit a polynomial - that interpolates these labels .



An easy way to get such a polynomial
is b Lagrange

interpolation . But here -
since we have only If

the expression is simpler-

For u.
- s - is : if, ' )

(LEIS, Jos . . ."
= ⇐ - Ini) ( E - I

-

n) (E - Eas) . t ' )

similarly repeat for each point .

After opening up and cancelling we get

IN , t Iz Nz t Iz 13
- ly U, Az Us

similarly if we want XOR (4,42 , XD we can do -

Parity (n) = Ni Nz U 3

Notice these are both multilinear ( each variable has

highest cover a) .

therefore Thm : Every function f mapping n bit { It 3h→ "R

is expressible as a multilinear polynomial . (that is unique).
→ coefficient

General form : Fcn) = & Ics) IT Xi
,

where Xp -

- 1

of multilinear SE Cn] its

polynomial



Now notice that IT Xi
-
is the XOR of some subset of

input variables. -

i

. this can be thought of as a linear

combination of XORS of subsets of variables .

we call this the Fourier expansion and the Ics) are the
Fourier coefficients .

For the above function Maj s CN) the Fourier coeffs
are -

Naja C { I} ) = Iz Minaj z ( El, 2,33 ) = Iz
Naja C 323) = iz
Maj s C {33) = z Majz ( all others) = 0

Similarly for Rarity z ( x ) , Parity , C 252,33) = A-

Partly , C all others) = 0

For trivial function f- (n) = -1 : I (03=-1
,
I call others)-0

What if we change the domain now -

For a E Fah
,
f : HI

"
→ IR

def Xs : Fan → 3 Ia }

Xs (x) = IT L - l ) " ( remember - I maps to 1
IES f maps too)

Now Xscx) computes parity .

Lets look at evaluation as a matrix multiply -

Given coefficients Fcp)
,
F ( EB)

,
.
- r

,
Fcs)
,

- . . I ( CNI )
.



want to find the evaluations f Coo - - - o )
,
floor . . i )

,

f- ( X ) , .
- r

,
f- ( Ill . . .

I)
.

I:÷÷÷÷:÷÷:÷÷i÷÷:S
This is called the Hadamard Matrix HNCX, s ]
where Hn Cx , = Xslx)

← = IT C- I )×i
N=2

"
IES

= (- I )€s×i = ← , >
E. Xi Si

where sum is in Fz
.

where Si -- {1 if i EsO 01W .

Lets look at n =3 .

N -- 22 = 4

⇒ He = of El } { 23 { 1,23
00 I 1 I

¥1 : : ÷ I
- p

- I 1

p p
C. 012 Col t

Hn has a recursive structure.

Ha -

- (I '. I 'D



then Han = Hz ④ Hz ④ - - - ⑦ Hz (n times)
= Hz ④ Hzn- l

where ④ is the Kronecker Product

* exc. ④ L: :) -- f : :] 4:311%1 % ,}
= If 3 0 10

a:ii÷÷:)
Thus this matrix vectorproduct can be done in

Olhlogn) using a divide and conquer similar to
FFT .

Properties '
- i) two distinct cols have inner prod = o .

ii) Inner prod of cot with itself = N

C - l x -I = I
,
I Xt = I ) -

⇒ Hn is unitary . ⇒ in Hnt Hn
= I .

But this is also symmetric
⇒ Mnt -- Hoo .

Thus interpolation is also InHn .

Rewrite Fcs) = In fee,
fun) - Xsca)



as ft ) = E [ f- Cm) . Xscoe)]
HERE

"

Proof of i ) : TP : & Xs (n) . Xt (2e) for STE Cn]

MEET S FT .

=0

⇒ IT : nifty Xscn) Xtcn) = 0

= IE Xfm) . Xt la) = O

NER#In

Now if it sat L- l )
"

. Eiji = f- Dni = a .

⇒ E [ IT
it stop

C- 1)
Xi ]

= { s ① T = 0 ⇒ s =T ( contradiction)
else se is chosen OAR

⇒ each bit is 011 with prob I .
in deep at random .

⇒ IT E A- is "] = IT ( IC-Dttzh ))
its -0T

- = O
.

Notation
For I

, g : { It}
"
→ 112

Then Lf
, g > = In { flu)gCw)

= E [ fingers]
NER Ith

in this notation
,
ICD = Lf

,
Xs>



Now for eg if 5=0,

FCO) = Lf
,
I> = Ecf cos]

MERHI
"

i. e . the fourier coefficient gives the expected value of
the boolean function .

Another cool formula -

Lf
, g) = L § Fcs) . Xs

, ⇐ Jct) - Xt)

= fEf@sEcs7Xs7.CE5CtS.Xt) ]
= § Fcb Ects] . EIA) . Eat]

= ¥ Fcs> ICT) Lxs, Xt>

For SFT
,
<Xs

,
Xt > = O

⇒ Lf,g> = § Ecs> Jcs) .

" how similar
"

the Fourier co effs are tells us
" how

similar
" the actual functions are !

Cordia : Lt ,f> = IIe [ flat ] = Egg Fest

Now flat = I if {tBh→ {II}
⇒ # [feast = A- .

⇒ & ICSI =L . ( sum of Fourier coeff
?
= I)

.

SEEN]



Coroltay : ICO) = E ( flat)
x

⇒ ICO)2= ¥ Cfcn)]2

⇒ Vgrcftn)) = & Fcs)
'

s *0

Applications

a) Social choice . f:{ It 3h → { I 13 can be thought
of as a voting rule in an 2- candidate , h voter
election .

For ex : obvious choice is the majority function .

In Analysis of Bool Funes
,
there is something called Influence

of the ith coordinate .

Info. Cf ] = Pr ( FCK - - - RD t f-(n ,
.

. - -

,

- ni
,

. - r un) )
NER EIB

"

Prop (no proof) : Info. Cf) = I ICs)2
S Ecu]

Can Prove with ABFs
IES

i) Arrow's Impossibility : only dictatorship gives
desirable properties for more than 2 candidate

(Lea : Pr [ "candonuts paradox
"

Brand
roles using F ] .

= f tf f (t )
' "
Ecs)
'



ii) KKL Them : For any 2 candidate voting rule
that has the property that Ecton)] -- O ( not inherently
biased towards Ole of the candidates) we can always
find o Cn ) fraction of the voters so if

you bribe them you can fix the outcome

of the election .

5. Let X ,
-
- - Xu be iid It with prob he .

p (Xi , .
-
-

, xn) = do talk ,

t - - - t anxn be deg I
y = p (X .

- - - Xu)

Pr [ t Y - meanest s t . stddevct)] I exp (- the)

Using Analysis of Boot Funes we can get a bound

even for higher degree
-

Ec exp C- IKI const)

Quantum

Great idea : Ose probabilistic computation to speed

na tet . algorithms .

Belief 1 : I can improve at most by a polynomial .
For ex : this is true if SAT needs circuits of DX" ) .

( which is belied tobe true).
Belief 2 : SAT E) Oct -999" ) time even with a prob -algo .

Quantum Algorithms : more significant speedups .



i. Shor's Algorithm : can factor n -bit integers in 8h21.
compared to 28cm") in classical .

2 . Grover search : SAT E ⑤ (E
" ) time .

Here both beliefs are shattered when the power
of quantum is added .

Basics
Let N = 2h

.

consider a
'
data vector

'

of size N
,

[ f ( OO - - - o)
,
f- (O . - - l )

,
. -

-

,
f ( l l - - - l )]

where f : 20, 13h → K is efficiently computable by
a classical algorithm .

If I multiply by DFTN or Hn
,

I get a
' coefficient vector [ CCO . - - 07

,
- - -

, CC ill . - - D]T

Now I can't actually see this vector . However

I can sample from this vector with prob
proportional to the c @ efficient?

QM Axioms
-

-
-

I . The state of a physical qubit is a unit vector in

2 dimensions .

i - e -

fab] E E
'

with lat
'
t lbf = I



this is often written as - a 10) t b l l >

here to> = [ lo ) ,
It > = ( Oa) ( Brocket / Dirac notation)

a,b are called
"

Amplitudes !
intuitive meaning -
The actual state the particle is in is a linear

combination of the basic States ; to> and I a > .

For this lecture Aptitudes are Ico) and fu)

s - t . a qubits state is ftp.go,}) and I -ROHIIFCDTH

Moregenerally the state of h qubits is a unit rector

in 2h dimensions .

[ Fco . . - o)
,

- . .

,
fl i - - - D)TE ④

2
"

,
E Ifcall 1- I .

HE 20,13
"

Axiom 2 : physical changes to Qubits = linear

transformation .

i - e . for h qubit system to change we multiply by an
N x N unitary matrix ( maps unit vectors to unit
vector) .

For ex - Ira feet , ' Ii) ( which is both Ha , D Fra)

is unitary . and takes (g) → { IIIa)
another ex - [Y f ) ( rotate by 451

( quantum wot)



takes fab ) → fab ) . means it takes to> → la>

and vice versa .

Classical -

nine:{:#
" 'in:IInH"a:b 7.51. ... ?

Yes . But charge for # gates used .

Quantum -

Built from 1,2 qubit gates that each do some

unitary transforms .

Charge for #gates used .

Some Facts-

→ In HN is impleueufibhe using n E qubit

gates .

→ # DFTN is implement ibhe using h
'
l - 2 qubit gates.

Let
,

be a classical circuit of T gates .

Then it is edgy to construct a quantum circuit at

OCT) gates .

( (OO- - - O)
consider a mix N matrix with -1

,
. .

.

,



( (l l - - - I)
( - t ) on the diagonal and 0 elsewhere .

T

potiche when this is multiplied with [ Flon) . . - fun)]
it negates some of these amplitudes -

(sum of squares is unaffected) -

the amplitudes negated are the strings where C

output A- .

Axioms ? When you
- " measure

' '
n qubits in the

state wedge
, ,zn
flu) Tn> you get a classical

string
" X " with prob 1 feet and the

state collapses .

For ex 10.8) then on measuring ,
with prob

0.6 0.64 we get the string to .

and prob o - 36 we get string 01.

Gr Search
SAT E ⑤ (FL

") time. y
Circuit SAT: does this have

an input that outputs I .

input : Boolean circuit C with n input, a output.

( assume C with poly cm) gules).

Assume : Ccn) -- d on unique string set of
C always out puts O .

i. e . Focus
'

. find a # assuming it exists.

Brute Force : Thy all I and check in poly ( n) .

012" . poycn))



Growers -

i . Allocate n qubits and initialize to Cl Oo - - - o]
"

2 . Apply f- Hn .

Now stale is [ yrn - - - - Yin]
N

3- Build QC , a quantum circuit based on the

given
circuit . c .

Notice this negates a single amplitude , the one

corresponding to sext .

Also notice I can't observe right now as all have
equal prob 1- and so it can collapse to

any state
RN U AR.

* .

'

Grover
'

steps -

Apply IN Hn .

an:*. i :c. on
" it

negates all coeffs
except FCO . - - o) -

- FC 6)

Intuition : i ) convert the state to its coefficients of

multilinear polynomial representation ( interpolation),
i -e - get F ( 93 . . . Icons)

.

ii) Negates all except ICO) .

Now from boolean Funes, Fcp) represents the
E
HER#an

( fla))
.

Now fcnS= FLO) - IC gig) .

C - Dn" -
. . .

- flag) . Dni

= il - ( f cu) - u)

i.e . check how much above the average fun) was



and put it that much below the average , and
rice - versa . So its sort of reflecting across

the average .

Step 3 simply evaluates Again .

Example : consider the circuit with TT-

N -- 22=4 input out

00 0 After first b steps we have -

O l O T

to a stale -- [ Ya 't -

Yry '
ha]

l l O T

= [1/2 42 - Yz Yz ]

Following the grover stops , we ¥ xtz + ¥xIt¥xf
+

- Txt = I

⇒ state = [ o O E o ] 4

Now if we measure
,

we get co with prob 1.

This is a satisfying assignment .

For the general case,

ill 2€ ⇒ All N F N
't remain nearly save .

f- ( sext) I 315N
.

Now we can repeat the steps . f- ( sext) will drop to -31T
then to Shrm then

- Shh and so on .

we just have to repeat this till flnxt) x o - r



(then we can boost with repeated trials as needed) .

⇒ 2k€ I 0 . I

rn

⇒ k I o.ir# = 0 ( Tn )
2

= o Carn)
-
- ocrzn)

Fields, Polynomials

Field : usual ops : t
,
-

,
i

,
÷

.
For ex - R

,
0
, ¢ .

( not 21
,
no division) .

Polynomials : over afield CF is an expr
lite GX# Czxzxzs

Where Ci Elf and XB are indeterminate -

F ( X , - - - X r ] : all polynomials with coefficients from F .

Facts
-

:

g- For prime P , ints mod 7 is afield ftp.
→ For IE INT

, prime P F Fpe of size pl . that is unique .
→ can construct them in poly log CE) time where q is # element .

→ deg L univariate polynomials have E d roots .

→ deg atmostd multivariate polynomials satisfy-

Pr [ Play
,

. . .

,
du) -- O ] E I

fixed @; ;an) q



Q Why is Fp a field .

i - e - why is it closed under division ?

A Find inverse using Extended Euclidean Algo .

EEA -

Given b, PEZ finds Gd E Z s . t c. b + d - p = gcdcb, D

For prime p this gives us c.b + d. p = 1 . mod p
⇒ c.b = A mod P

⇒ c = b
"

mod f

Q How do you find large Cn bits prime no - s ?

A i. pick random no ,

2 . Run Rabin -Miller
.

This works because the fraction of primes among n - bit
~

nos is R ( th) ( acc to the prime no - theorem) .

⇒ Whp after Oln) trials you will find
it .

Non - Prine Fields -

Ffa
't

Itza = { at bi I a. b EF, }

Univariate Polynomials -
F CX ] = { co + c. Xx -

- - t cnxh / Ci EF }

Polynomials are generally not fields because no

multiplicative inverse . Lisa ring though) .



Facts :

i ) "Division
"

Bcx ) ÷ A CX) = Q CX ) and hemainter RCX )

i.e . BC x) = Q Cx) - A- Cx) t Rex) .

where deg CR) L Leg CA) -

⇒ can do Euclid god -

ii) PC x) is irreducible ( prime) iff it can't be factored
as a product of two lover Leg polynomials .

iii) Thun : { FCX ] mod PCX) } is a field of size

1 eldest) if pcx ) is irreducible
.

i. e - all polynomials in the field F with degree E deg K)
(works out combinatorialy also

: IFI choices for each

of co
,

- - -

, Cdeycp) - I ' ) .

For ex - X
-
th is irreducible in Fact] .

Then 2 FZCXJ mod 541} is a field .
↳ all coekfs are@, 1,23

i - e . { at BX la, b E Fs } .

For mutts (atbxfatbx) = a2t2abX + b2x2

62×2+1#b2x2t zabx ta'
b2x2_#

2 abx ta
'
- b
"
→ result mode XH

.

Notice this is save as setting X2=-1

This works in general also . set the irreducible

polynomial too .



Notice as a field this is (isomorphic ? ) to ftp.#degce)
= Fga = Fg .

in the beginning we said Fg = { at bi 3
This is same as Fg = {atbx I

F- -a}

corollary - Given irreducible poly or- deg din Fp Cx] ,
arithmetic in Epe is doable in poly ( L log p ) time.

d

l coeffs each of
Once you have the polynomial form FFT magic

'091 bits.

Lets us do even malt efficiently .

How to get an irreducible poly or- deg d?
i) pick a random poly of Sey d -

ii) check irreducibility ( doable in poly (l log p) time)

" Prime No . Thin
"

for irreducibles -

pr Crandon poly irreducible] btw ale and if
for any l . ⇒ Oct) trials needed to

make this work wihp .

Shoup
'

. I a poly ( i ,p) tire deterministic ago to get
an irved in Fp Cd of deg L .

Van Lint : XZ +X + I
,
X 6-1×3+1

,
x

'Ex 9+1 . . .

are all irreducible in Fact] .



"

Degree Mantra
"

: Nonzero univariate polynomials of

degree E d has E d roots
.

Proof sketch : keep factoring out irreducibles .
This

means you can factor out at most degree times. Any
irreducible of the form (K -d) is a root .

Application : communication complexity .

A B

a C- GO,
I}
"

b C- go ,
13h

want to compute f-Ca,b) by communicating min #bits .

For ex: equality ? i - e - Fca
,b) = I if a = b .

in fact
any

Jet . algo neeed at least htt bits of
communication .

Modification ! Allow one - sided error E in .

Claim : OC log n) bits suffice .

Idea : A sends hash Ca) to B which is of smaller length .
B computes hash (b) and compares with hashCa) .

Protocol -

i ) A fixes Fg se. na E E E 2h
-

ii ) A sends q to B ( log g = zcogn bits)

iii ) Alice forms PACX ) = anX
"

t . . . a. X

B forms PBCX) = burnt - - - tb
,
X



since these are bit strings they are valid effs in any
kick -

Goal : is PA - PB = O

iv) Alice chooses ← C- Eq , computes PACL) and sends
L
, Ff CL) to B .

V) B computes PBCL) and Pa CD - PB . if not 0 return

not - equal .
→
noteaual

prob that it is wrong despite this is if x is a

root of PA - P B r this happens with problem .

Polynomials'cEpdyhmu -

→ Every polynomial computes a franc Fqn → Fg Cn variate poly)
→ Every function f : Fgm → Fq is computed by a poly .

I got
"

such functions
,
but there are infinitely many polynomials.

( degree can be cubit ).

⇒ F functions can be computed by multiple poly

⇒ F non - zero polynomials that compute f- =0 .

for ex - XZ- X in ITZCXT . always outputs 0 for

any input in Fz .

In fact X9- X in Eq Cx) also always outputs 0 for

inputs in Fq .

( For primes this is Fermat's little thin ) .

( q
'd
- a = a car -t - r ) = o mod p)



Even stronger : In Eq X
't

always computes X .

Cor : Any poly PE Fg CX ,
- - - Xu] can be reduced s- t .

(my. Cq -D)
Xin → Xi without changing the function that
it computes .

i. e - the individual degree d
q-I .

•
# terms .

⇒ # reduced monomials : qh ( g possible powersfor each Xi)
⇒ # reduced polynomials : QE

"

= # Funes
.

(q possible coeffs for eachterm)

Schwarz - Tippet .

Let p E Fg CX, - - - Xu] be a reduced
,
non - zero polyhorn

with tot deg E d . then
,

Pr ( Pla ,
. . - xn) * O] I func ( q , d )

L
,
i - - Ln

C- tfq

Case i ) 9=2 : fundq, d ) = Id
→ Small if

case ii) q >d : Funday,d) = I - I qssd .

q

⇒ arc Pcd) =D E I
q

Even stronger : tf SEF and di ES
,

Pr [ Pk) -- o] E d-
IS)

aenera' case : fanged) =q↳÷( p - dmoqd⇒



Application : finding perfect matching in Big Graphs .

Open : in NC ?

hovasz - can do it in randomized NC .

Error Correcting codes

Ecc is an injective map Eric : Ek → d
"

where d - alphabet
q = Id l

k = message length
n = block length
c = range(Eric) known as the code .

y E C ane codewords .

ten = rate of code .

Adv Model : at most upto t errors can happen .

Err Model : errors " corrupt
"
one symbol to another .

def : 84,2 ) = # { i / yi tze}

me.

Now the receiver gets z , a corruption of y .
2 can

be decoded to y as long as all these balls are disjoint .

⇒ b Cy
, y

') s Lt t y, y
' E C

Min Dis of a cosec = d = min

Tty
' E C

U Caya)



Fact : unique decoding possible iff t E LIL)
idea: choose C E E

"

randomly .

9 - o : Good rate vs dist tradeoff

[on : Not efficient - to encode ( decode .

Def : linear codes -

I = Eq , En c : Fqk→ Eq
"

is a linear transform .

all :
- C = rowspace Cor) .
I i.e - a K - dim subspace of Fe

"
.

↳ (assuming each row indep) .

For linear codes
, encoding is efficient since it is a

matrix multiply .

The general decoding problem is Np Hard, but for some

Cotes this process is in P .

Notation : [ n,k]q or [ n
,
k
,
d]q represents

a linear code Fgf → Fgm having min distance

d .

For K- dim subspace C , define -

C
-

= { we tqn I w . y
= o

, ty EC}

Exc: Ct is a subspace of Ifqh of dimension n- K -



proof : i) 0h E Ct , since O . N -

- O tf n .

ii) for a
,
b E C

- then Atb C- C
-
since

(at b) - w = a. w + b. w

= O 1- 0=0.

iii) for a E C? Xa E Ct since ya . w

= X O = O .

Now Ct is an Ch
,
n-k]q code . (Dual code to C)

i - e . Eric
-
: Eq

" - k
-3 Fz
"

se ⇒ x H where

H is an ( n - k) xn matrix called the parity check
matrix for C .

n-k [↳t) { 2) n = O
, iff z c- C -

Facts - For a linear codec
,

d CC) = min tramming weight .

- d. Cc) = min # ads of fl that are linearly dip .

g.
ham cot .

Proof : Lcc) = min { wtf) I ZEC
,
z to }

= min { wtcz) f Hl 2--0
,
z to}

d
2 with lowest training wt w will

cause Hz to be a linear combination
of w columns of H .

But Hz = o

→ these w columns are lin - deg .



As long as a cot is not all zeros
,
the qty is atleast 2 .

As long as two Cds are not the same
, the qty is atleast

3 ( for q =3 , replace sane with scalar multiple
for

q > 2) .

⇒ we can have dist at least 3 . If we want high
rate , then n - k is small .

↳ height of H .

using this idea, the hamming code -

Defined as the code whose purity check matrix

n -

- l÷÷ . . - !! ! " II.EI ""
e-

n= 2
"
-i

n - logn

super high rate , but d =3 ⇒ can only correct

[3£) = 1 errors .

if y is
a codeword

, and the ith bit s flipped .

then multiplying with parity check matrix gives-

H ( y t Ii ) = Hy t HII = ith column of

H

→ This tells us exactly which bit was corrupted :( i in base 2) .
→ This is also a a perfect code

"
. i - e . the cramming

balls partition all of space - this means any string
is either in C or at distance 1 from some y E C .



Dual of the Hamming code : Hadamard

Use H as the generator matrix.

i. e - Euc : x rs (n - A)
ae Er

Defn : For se E FI
,
define La : HI

'
→ HI by

La : a ← µ , a.t
' r

- t Rr ar

This is a 1 deg polynomial with effs

N and variable or .

Now the hadamard code can be thought of as

listing the truth table over all evaluations of Lx .
( only the outputs)

r

This is a [ 2r
,
r
,

21212 code
.

Why is D= hz ? Acc to Schwarz - Zippel , Pr of

input being a root E Iq .
Hehe I = d and

( of poly Lx) q =3 -

⇒Etz the inputs give o in the truth table .

⇒ Min hamming wt can have almost Iz Os
.

Exc : Generalize Hadamard codes to [ qr
,
r
,
( I - z) qYq

Reed Solomon cedes-

For a E K En
, q Zn and S E Fg ,

Is I =n

I



Enc '
. Fqk → Eq

"

works as follows-

Think of message m as the univariate polynomial
with co effs Mi

.

i
- e - mo t men , t

- - t Mak
"

het Eric (m) T MCs) f se s

i - e - evaluating the poly in n points .

+

this is a linear code : [÷
,

sign;
-

.

SET) is at z
k-I

µ SAR- I

claim : d s n -K-D
y n - I

{roof : d = min ham cot .

(# evaluations that gives O)
Z N -Lk-y ) ( at most K - l roots for Leg k-D

⇒ RS is a [ n
,
k
,
h - k 't I ]q code .

Fact: this the best possible rate - distance tradeoff for
9, Z h .

→ round bracket ⇒ non necessarily linear -

Singleton Bound : For (n,k, d)q code K E h-d + l

shows its tight .
Asymptotically " good

"
codes -

Goat ! Fixed q .

Let ⇐ (Cn ) be a sequence of [n
, klnbdch) ]q codes

.

Asymptotic Rate of a family i3 htt, kind = Rcc)

Asymptotic relative distance is it doin = Scc)

n -so



For ex : clamming code is [n, n - log n , 372

RCC) = et n-cog→ = 1

usa n

s Cc) = It 3- = O
nos n

Hadamard Code [n
, log n , m2] 2

Rcc) = It login = O

u →d n

seas =

It, then = I
For Rs

,
it doesn't really count since q grows with n

but think of it as RCC) = Ro and SCC) = I - Ro
.

. : a code is asymptotically good if 9 fixed , RC Z Ro> 0

Scc) Iso > 0

These actually exist .
hilbert -Varshamov bound -

Hq FO E So E l - Iq
Fc with 8 ( c ) = So

Rcc) = I - hq ( so)
↳ q-curry entropy -

Thin ! For q=2, F poly Ch) time encodabhe and dead able

asymptotically good codes .

Praise
The motel : consider a randomized algorithm
that fakes in input and a random string
r and outputs a decision yes Ino .

tpf- Ola .

-

-



A solves the problem ( in BPP) if -

i - A is efficient

ii. t a Pr [ A (n,r) is correct ] z z
r x

het Irl = n .

Naive Derandomiae :Try all 2" strings . We know at least f- th
OF them will work Correctly - choose one

of these .

Defn : P Rds : let C be a class of functions f:{0,1343913
( known as

"

tests
"

) . Cr : 20, I }d → go , I }
"
is called

an E - PRA if

i) n > I
ii) tf E C

,
f Pr [ Fcr Er 20,137=1 ] -

Pr [ f ( G ( s Er 20,131 ) ) = I] / IE

This is called "
Cr E - fools C

"

Ex : say C =3 f
: 30113

"

→ 30,13 computable by boot
circuits of size E n'° }

Notice that if Fa Aa ( r ) runs in time th
( approx ) then it also has such a circuit log n

representation .

.

Say or E = 0.24 fools this C with l= log h

⇒ can solve A's problem deterministically in

poly time . How? Run the algo using all possible
seeds . (n such seeds) . with prob Z 3-4
the randomised A accepted correctly .



⇒ the algo with the PRG string accepts correctly with

prob 2¥ - E = O - Sl

⇒ The answer given by majority of the seeds will
be correct .

Hardness vs Randomness -

consider seed s of length around byn
choose n subsets of the bits in the string
Now SAT is a function (that is hard) that maps

strings to bits.

Apply SAT on each of these subsets to get then bits.
↳ ( suppose the bits represented a 01 bit is 1 if satisfiable odd

Impaglia 220 - Wigderson -

suppose h : Seo, i }
*
→ 20, B where h is some

hard to computefunction ( like SAT) , such that -

i - computable in 20cm time by TMS
ii. not computable by E 20M) sized circuits .

( for suff Large n)

Then BPP =P .

Most Derandomization today : unconditional but for a specific
problem .

( doesn't rely on this strong CT assumption) .

Nisan's PRG : F PRA G that E - fools randomized TM

using n random bits , Sch7- s space ( Scu) a login)
with e = 2-

s

and l= Ocs login) computable
in Oct) space , 2043 time .



Def : Cr : ha 131 → 90,
13h is pairwise independent

if t i * j Pr [ Gcs) ; Gcs) ; = 00] -

- ¥
SER20,131 O l = i ,

I 0 = l l

its a misnomer : it actually should be 11 = it

pairwise uniform .

More generally it is called k - wise independent .

it for all k indices takes all kik outputs uniformly .

Thin: tf k En
,
t prime powers g ,

I poly Ch ) time

computable , K - wise inner PRG with seed length
I -- L ka ) log q n t OCD .

For ex - if q=2
,

K = 2
,

1=0 Clog n)

Ex Appt : I - approximating Max - cut : hive acv, E ) ,
partition V = (R

,
R ) sit - #edges from R to PT Max .

simple Algo : Pick a random partition .

Xi = I if exactly one end colored .

E [Xi] = I
4

⇒ ECX] = LEI
2

Notice for 2-4 I only needed pairwise independent
coin flips .

Replace the random string with are generated by
h that is 2 - wise indef . By turn this can be



done with l -- O clog n) .

Thy all n seeds. At least one of them should

give a cut S E' .

2

Again , Chebyshev Inequality ,
and variance remains

the save if the bits are only pair - wise in Lep .

Doesn't work for Chernoff however .

Proof for k= 2 , 4=2 . ( constructive) .

A : go ,
131 → 20, 13h

,
h = 2h - i

ze- e
-

uta:S .- c- s - Tf! ! .
. . fe

Claim : this output is pairwise in dep .

Proof : consider bits i and j .

This is LS
,
coli ) and L s , codj>
Ci Cj

F-'' " wife
ran
!? 1/1 ] -

- CIE '
-

Uniform ,

Lin - In Sep in deep

Try
-
. Pr ( a -_ 0

,
D= o) = Rr [ Lci

,
r> =0

, Lcjsr) = O]
Idk.



( of the parity check matrix)
4

Remember distance of Cote = min # deep cols .

MinDistance of hamming S 2 .

⇒ No pair of columns are dependant .

herreralineation : Good codes (with large min dit) give
good k - wise generators . ( the dual ) .

RS codes ⇒ eras that are k -wise in deg and d-- kbgqn

Epsilon - Bias Generators -

G : AIL → Fan is an E- biased generator if it Ez fools
all linear f : Ez

"
→ Fa .

↳ f- (Ni
,
- -

; Un) = C, N, + CzNzt . - -t Chan

i - e . the transform matrix is [c .
- -

- Cn]

In other words
,

tf w E Fah
,

W FO

Ise
.
'¥eKw . Gcsb -- a] - ftp.nkw.r7-ot/

f E E
2

I
2

⇒ see:*.ec Lw - aus> = 'S c- f 's - E , E)
Thin : F efficient computable E - biased gens with

l= 0 ( log ME) .

In fact it has been shown that 2 log (E) is adeivabk.



⇒ Enumerating over all possible seeds takes at most

quadratic time 0 (II)

Even 0(Zz) seeds is possible ( which is also a cover bound

Ex Appt : verifying matrix malt .

nxh .

Is AB = C ? Whoa A.B.LEHI

choose random vector . Check (ACB y))= Cy .

O (h2 ) .

If AB = C
,

A By = Cy
if AB FC

het D= AB - C - has 2 I non - zero now .

Consider Pr [g.y > *og =L
(say d) .

YErtz"
2

If there are more rows
,
this prob only reduces further

since its an AND .

If y was not random but rather an output of an E - biased

pra , then Pr Ccd - y > to ] C- [I- E. It Ee]

thus we're reduced random bits needed to Ollogn) while
still having OCh2) runtime .

E- biased PRA ← Good Binary codes -



Say a is an E- biased ERG . Define ME IFI
×"

c-→

ftp.o, . .
. - actin ) }n
÷

By defer of E - biased geh , with prob ( I- Ez, I + Ez]
each bit in the result is o

⇒ WM has btw I -z to { + Ez Is .

⇒ frae Ham ut z I - Ez E Iz + Ez

⇒ M is a generator for bin code with min Lfrac)

distance iz
-

Eg.

Spectral Graph Theory

Undirected Graph ,

→ finite
→ parallel edges ( self loops are okay .

→ No vertices of degree O .

consider f : ✓ → R .

For ex - temperatures voltage etc , old indicators.

I can be represented as a vector .

⇒ All such vectors together form a vector space-



Rey insight in spectral GT
-

E [ f- cus - FWD
' ] x iz .

(u , DERE
This quantity is no faced by ECF] .
and is called the Dirichlet / Local variance / Analytic
boundary size / Laplacian quadratic form .

Facts -

i) Always 20 .

ii) E Ccf ] = CZ Ect]
iii) E Cftc] = E Cf]

Intuition : small E ⇐ f's values dont vary too much

along the edges .

Important ex - Let S E V . Let flu) = { 1 , UES
Now ECF ] = IF Afca) - fussy

°
'
"°

2

= IE ( {edges crossing the cut}]
2

= E @ edges from s to 53]

How to choose a random vertex?
→ choose a UAR edge. ( un )
→ output or.

Call this distribution IT .

Notice it cu) = deg
HEI



Notice it be is regular, this is uniform distr.

Fact Doing a random walk with trans prob I
segue,

will give me
a vertex having this distr .

0 How fast does this converge
?

In! spectral !

Eg : Github is
"

almost
"

disconnected
.

small cut .

P
net flat -- L 's

s 5

We will see that Fast convergence iff ECF] being
never small .

het f : V → IR

For U E
#
V
,
flu) is a r. v.

mean -

- E ( flub = Eff]
UEITV

For S E V
,

f- = Indicator Is
,

= Pr [u E S]
=

"

weight
"

of S .

variance = E [flu)
' ) - E [ Fcu)]

'

claim = I E [ ( far) - fast]
U Eat V

V EAV
indef



Proof : = Iz E [ f-Cutt f-Crf- zfcvsfcu)]:÷:¥¥::÷÷÷::¥¥÷÷÷¥
= Effort] - Effcu]]

2

there Varlet- L E (Hus - fuk]
2 U E ITV

✓ Est V

inter

ECF 'f= z E [ f- us
- fast] (" local" variance of f)

Kiser E

Deren : Let f,g be functions v → IR
.

htt Lf,g ), = E Cf Cas -gcu)]
UEITV

Them : This is a valid vector spare inner product -

i . LF ,g) = Lg , f>
ii. Lofty , h > = c ( Fh) t Lg , h>

(vinearity)

iii. Lf,F > = E [ Fcu)'] Z O .

with equality iff F = 0

Remark - For SEV
,
f -- Is

Then Hflla = E [ If lust ]
U EAV



= IE Cf cu)) ( f is old ru )
= Pr [ U ES]

.

= ECFcut] = It f-HI

Q : How small can ECFT be ?

A : O .

Q : is there a non - trivial f with ECF ] =0 .

Trivial : Notice if f -- O then ECFT = O -

⇒ for all ft C , E Cftc] = Eff] =D

Prop ! Effy = o iff f is constant on each connected

component off . and ,

# components of a = # lin - in deep f with ECF 3=0

an:L;:nsmu . wwaassuu 1/3: an .
Now for ex look at 1 Si

, 1sz , Is,
}%

l " ' l
.

it:# inner:.
of fee form & City.

A : Hoo big can ECF] be sit . VarCf T €1 .

OR Max ECFT sit . Ilf HE = ECF] EI .

These two are equivalent since var Cf T -

- Effy - Effy
'

⇒ IECFZJ = Var Cf] t Ecf ]2 .



⇒ any f satisfying HEFEI satisfies var CF ) I 1

Now notice adding subtracting constant doesn't

change ECF ] . as I can make mean CFJ -- O.

while maintaining same ECF], so that

ECF 32=0 . ⇒ varct] = 11h15 -

intuition to maximize - embed vertices onto

number line keeping edge end points as
far away as possible .

This intuition suggests bipartite graphs .

For G = ( V, UVa , E) Let F -

- Iv
,

- Iva

i. e - flu) = { + I , UEV ,

- I
,
U C- Vz

Notice E Cf ' ] = ECI] = I

also see that ECF] = Iz E [ f- Cu) - fast]

-
- iz E [ C-i - DD

=

Iz - 4 = 2
.

Prop : ECF ] E 211kHz
'
= 2 E Cf]

= Iz E ( Ctfu) - FCVDZ]
(un)

= If!¥fFw9tf¥fus7 - gu, Cranford)
By Cauchy - Schwarz

,

- REEDE.ru#E,fFgCFCu3fcvDEfECfTu5IEErcT]
-



⇒ Ecf ] E ECrim - C - ¥F¥¥CfiuD )
UE.TV TV EV

← HE cries]itv

Exc : Equality iff or is bipartite .

More spectral Crt

From before Cauchy - Schwarz above ,

ECF] = Hf 4122 - E ( Fcu) - fu)]
am d

E FEI, [flu)
fu)] =

a

E flu)µfE, fu)UGTV

Define Kf : V → R where kflu) = E Fcv)
(Usv)

( avg value off among u's neigh)

Observe that klftg) (u) = E Lftg) )
(by

= E ft) tg cu)
(UN)

= E fer) t EDU)
(UN) (un)

= Kfw) t kglu)

sef : k is the Markov / transition operator (matrix)
for h .



This matrix can be defined as -

K [u
,
V] = { Ydegcu] if Lu, v) EE

O 01W

Notice chat this is the transition matrix for the

graph random walk .

i - e . the adj that normalized s -E - each row sum-- I

for regular K =L A - and K is symmetric .

fact : For f
, g : V → R Lf

, kg > = E [flu) gcu)]
{ f :

(UN)

LHS -

- u¥ flu) .

µ!E, gcv ) = du tu) flu) ⇐§ Iga, gu)

= & Itu)
a.vs Fgcu,

for)gcv)
C-E

= IE
(↳DERE

(Fcu) glad

Cor : Lf, kg) = L Kf , g)
⇒ K is self adjoint .

What is this quantity ? suppose F and g were indicators

for sets Sandt . this quantity gives the

prob of an edge crossing the cut .

Now ECF] = Lf
,
f ) - Lf

,
Kf )

-

- utter flu) flu)
- flu) Kfcu)



=

a"¥v fu) ( feud
- terms)

= Lf
,
f - KF> = Lf , If - Rf>

= Lf
,
- KIF>

=
Deth : L = I - K is the normalized Laplacian operator

for Cr .

if u was d- regular , L = I - I A = f (DI - A )

Now Lf : V → R Lflu) = flu) - III, Cf w
)]

Sparsest cat : S E V ,
f- = 1$

Lf
,
Lf > = ECF ] = Pr CUES , vets ]

(trac edges crossing)
Lf
,
f > = Pr Cuts] ( Vol of s )

Ratio : Lt> =
A [ vets ) u Es]

Lf
,
f ?

= Pr C getting out of S in one step]

Defn : OICS] = Liff> where SEV
,
F -- As

Lf,f7
is the conductance of S .

Sparsest cut : Find s that minimizes OILS) sit .

voi Cs ) t I .


