
Mars Reed - Muller codes

Generalization of Reet - Solomon : Multivariate polynomials

i - e - M ( X,
,

- - -

,
Xm) under some degree constraint .

→ Evaluate at points from Fgm '

to get the codewords .

Binary Reed Muller codes

Fg = Fz .

Note for any
L E Fz

,

22 =L .

This does away
with powers in the polynomial .

ffvars, degree
-
: the set of message polynomials for RM (m, r )

constraint .

M = { Mlk ,
. . . ,xm) = I ai.ir . . .im Kiki: -xin}

( it . - - im) E {0,13
"
→ do away with power

M

E i ; ⇐ r
→
degree

' constraint
.

j=c

The RM (m
,
r) code is thus defined as-

codeword corresponding to
message MCX , , - - -

,
Xm)

= ( Mlk in -

'
Xm) th

,
. .

- xn) C-
HIT

⇒ colewort is of Length 2M = n

each coordinate is indexed by m length bitsfirings.



-

'

. The code is the collection of these codewords for each

message polynomial -

size of code # message polynomials .
# coefficients = # of indices that sum to afmosf r .

⇒ set a subset of indices to 1 .

( of sire Er)

= !€ ( jm ) each coeff can take 2 values .

⇒ 161=21%17))

linear code .

This is linear because -

.

For c
, , Cz E L

F M
, ,
M2 EM

s . t . C , = ( Mil Xi - - - Xm) la
.
. - xn) C- ITEM

)

c
, = ( multi - - - Xml tix

.
. . - xn) Etten )

Now each coordinate of Cz = a + Cz is of the

form

c , = ( M , ( x ,
- - - xn) + M- (× '

- -
- "m) /

(× ,
. . .×m) C- Fam)
-

Mz ( X ,
. -

- Xm) which is

a polynomial satisfying
the properties -

( since degree
doesn't change) .



Dimension of RM code = log 2161 = t.co ( 74
Length of code = zm .

t
n

⇒ race -_ the = §⇒
2M

Notice if r = M
,
rate = 1 !

Min Distance

claim ! d ( RMC m,r)) = zm
-r

-

sanity checks : At r= m
,

d = 20=1

At r = ⑧
,

d = 2M

( 000 -
- - O and 111 .- - - 1)

Proof : (f)= W ( o) CE f - Eco} .

- dmin

Consider a non - zero polynomial in the set of

message polynomials .

Consider the codeword given by MCX) -- X
, Xz . . - Xv

This has Wy ( c) = # evaluations where all r bits

are set

m -r
.

= 2

To show : Wu ( c) Z 2M
-r

for any C E E - Sec} .

Consider some arbitrary non - zero polynomial .



Let the max Legree of any monomial be l .
Whoa ,

let this monomial be X .
. - - Xe .

⇒ M (x ,
-
- - Xm) = X

,
.
- - Xe t M

"

( X
, ,

.
- y
Xm)
-

remaining terms .

Choose ( Yeti
,

-
- -

,
Xm) = ( O

,
- - so) At least one

hoh-zero

⇒ F ( x ,
- -

- Xe) = X
,

-
- - Xe t MT (x

,
.
- - Xe) {

coefficient

This is a non zero polynomial .

Now there is at least one evaluation of × ,
- - - Xe that

is non - zero -

( since it is a non -ero polynomial) .
↳ take min degree term , see all C- I .

set rest to 0 .

similarly fixing any other rates for Nµ ,
- - - Xe .

'

'

- # non - zero evaluations z 2M
-t

.

.

'

. Wy (G ) z <
m - e

z zm
- r

.

• Mar

Reed Muller Properties for Decoding
Utv construction .

For linear codes to
,
and be of length n , consider a code

Ez = { ( u I utv) / u E E
, ,
VE be}

↳ concert



dim ( lez) = log ( qk
'

* qka) = k ,
+ Kz

.

dmin (lez) = min ( admin ( b ,) , dmin (K) )

Proof : Suppose U = O.O - - - O

⇒ min wut c) = min Wu ( V) = dmin (8D
CIO CIO

suppose V = 00 . - - O

⇒ min wncc) = 2 min WH cu) = 2dmin CG)
CFO CEO

If Utv = O - - . O

⇒ main Waca) = main wncv)
= dminlea)

All other cases -

Length = zu

dmince ') + mint dunin CE) , dmince))

Rate = kitten
2h .

Recursive RM construction .

RMC mtl
,
rtl) = {Lulutv) / ut RM (m ,rH

(for some particular ordering ✓ E R MCM , r) }
of evaluations )

Proof : I LHS E RHS

consider a message polynomial for a code in the LNS .

i
,

Inti
MCX

, ,
.
. ,xm) = & Aj X

.

.
-

- Xmt ,
if #2mtl
Wali) Ertl

im in
= & ai Xi

'

'

. . - Xm t Xm L ai Kim
IE #2M it #zm .

- - Xm

wiki) Ertl waiter



= Ma ( x , ; ; Xm) t Xm . M2 ( X , ;
- -

; Xm)

consider the evaluation order where all possible evaluations

when Xm '- O is done before all possible evaluations

where Xun = I .

⇒ First 2M bits is given by M
, (ki , - - -tem) + 0

evaluated at each m length bits firing -

This is a codeword in RMC m
,
rtl) since Max

degree of M , is rtl .

The last 2M bits is given by Mila ,
.
- - Nm) t Mala, - - - Nm)

evaluated at each in length bits tiring.
This is of the form Utv where u E RM (m , rtl)

V E RM ( m , r) .

Thus the colewort E RHS .

I RHS E LHS

consider two message polynomials for RM ( un, rt i)

and RM ( M , r) .

M
,
( x . .

- - Xm) =
E ai X

,

"
. .
. xniin

IE Fam

wa Ci) Ertl

mzlx , - - - Xm) =
E

ai x
,

"
. . - xiii

if IFT
WH Ci) Er



The corresponding codewords U and V
, are evaluations

of M
,
and Mz on all m length bitstrings .

For some coordinate is 2M
,

the ( ulutv) codeword

has bit given by

M , Cai
, , Aia ,

- - -

, aim) t O . ( Malai
, ,

- -

; aim))

For i 32M ,

Mi Lai , ,
. - -

, aim) t 1 . (Mr Cai , - - -

, aim))

In general , Mi ( ai
,
;
- -

, aim) t X . Malai
, ,

- -

; im)

This is a poly of the form M ( x , , . - - , Xm , X ) evaluated

at all Mtl length bifstriugs - where Max deg is rt )

Hence the codeword E LHS .

13 - Mar Dual code

het 6 be an Chik] linear code over Eq then -

G
's

= { ve Fg
"

/ VCT -- o to c- E }

i. e . each codeword is perpendicular to every codeword of

E. .

Aside : This is not an inner product .
For ex

, suppose u was

an even wt vector in Fzh . Then VVT = 0 (mod 2) violating
the inner product property of being V's norm .



Fyffe i ) dim ( et ) = n - k } it is a [ n
,
n - k ] linear

ii) 8£ is linear code.

Proof ii) consider V
, ,
vz e Et

consider a V
,
t bra

, and any codeword CE b -

CT ( a V ,
tbvz)

= A CTV , t b CT Va

= O t O = 0 .

Hence av , + bvz C- Et

in air -- o § 3) fr ] -- f!]Civ = 0

:

- C Chol J

Cp V =O f lclxh hxl

A

i. # v = I Null space ( A) /

By Rank - Nullity -
dimCNuNA¥ Rank CA) = Dim CA)

⇒ dim(NullCAD= n - Rank CA) .

= n - K
.



RM Code Decoding
Majority Logic Decoding

Upshot : - Ocu) steps for each ceeff of message poly
- 0 (zmk ) total steps

.

Lemma : suppose we have a poly over 11=2 in 1 variables

or- degree < l .

then I gcx ,
- -

- ✗e) = 0

(× , . - - Xe)

C- Eze f
Aside: How to come up with RHS?

Try 1=1 ,
É 9 , = 0 (for both g. = 0 / 1)
i --0

→ ☐ →
0 → ° .

Try 1=2, i&o 011 1- 011×1 + 0/1 ✗ 2

d
General Research Tip : statements with general
quantities cannot be proved completely via examples

but plugging in values ( like we did for e) helps!



Proof : £
cxi . - - ✗e)

91×1 - -
- Xe) = &

(× ,
. .-✗e)

900. - -0
+ 900

. - o ,

✗
I

+ 90
. . .io

✗
2

+ ' - ' + 9
, , ,
.to#...,YXz---Xiifn

consider an arbitrary monomial

xiixia.x.ie&
9i.in

. - - ieta . -
-xD

If gi
,
. . .ie

= 0
,
this term contributes 0 .

If 1
, suppose p < I terms are present,
# evaluations where all terms

are d s

e - p
= 2 which is even

for p < I .

.

-
: each monomial contributes 0

.



Mar 17 Consider a RM ( m, r) code .

Let MCX
, ,

-
- -

,
Xm) = A ×

.
. .

- xn t remaining
1111 - - - I 00 -- - O

--

K m-r

Let Ani
. . - ooo

= A (for convenience)

claim Fix Xr+ , -
- - Xm = b

Then the sum of evaluation of M overall X
,
. . - Xm

where X re ,
- - - Xm =b is a .

Proof : Let NICK
,

. .
. ,Xr) = M ( X

,
- - - Xm) )

Xr+ , - - - Xm =b

Then MT ( X , ,
. -

; Xr) = a X ,
. .

- Xr M
,
(Xi

,
. -

; Xr)
-

t

unaffected

we see deg Cmc) < r .

d
strict .

Now & rt Cx .

htlfzt
"
"

' Xr) /
h

= £ ax , - - - Xr t { MCX,
- " xD

- -

A
,
since deg Lr evaluated

only nonzero
at r variables =o

evaluation is all ( by lemma) .

Is .

= A .



Now we can recover the coefficient of any term with degree
r .

What if we repeat for monomials of degree r - I by fixing
Xr -

- - Xm ? Notice that
any

term containing
X

,
- -

- Yr
.,
for ex - X ,

.
- - X

r - , Xr+ ,
when Xrtl is

Fixed to one will also end up in the coefficient

which is incorrect .

Solution : Find all coefficients of degree r monomials .

subtract their evaluations from the codeword .

i. e . Let Mr = d ma XA
A- C El - - M}
IAI =r

y
consider only the
required bits .

Evaluate Mr at all possible m length bitstrings and

subtract .

Subtract Cmr from Cpr to get Con-Mr .

Cm
-Mr is equivalent to evaluating M - Mr at all

m length bit strings , and has degree at
most r - I .

Decoding
m -l

Notice at each
"

level
'

above there are 2 (where
l is the Max degree) choices for fixing b

.

Summing each of these should give the same coefficient .



h - r n - r

Notice da ( y
,
C ) E durin - l L 2 - l L 2-
- -

2
2 2

FOR I = r to 0 do } #monomials
FOR each A C { I , . - ;M}

,

IA 1=1 do :

FOR each b E Ifzm
-l 2M

-l

Ma lb) = I y
XA = h

Xg. - m}IA=b

cut (MA (b)] + = I .

Ma argmax Cnt

let Mr = E MA XA
ACEs . - m)
IAI =L

For CE Fz do

ya
- = Mrf

8

output & MAXA



20 - Mar RM (m, r =L) codes have a special decoding algo that uses fast hadamard
transform .

Hadamard Transforms

Hadamard Matrix of order n is an hxh matrix with entries

from {Er } satisfying Hn Hut = n In .

ex - H
, = C' 3

,
Hz = [ aa 4) (ab i ]

= (a2tbZ act bd

actbd did)
⇒ a2tbZ = 2

, c 't d2=2

⇒ act bd = O

i. m -

- f ! I ]
Spoiler : For h = 2k

, My =
l l l l

Hzk = Make, ④ Hz l - l l - l

L l l - I - l

Kronecker tensor product . I - l
- l l

This is called the Sylvester construction .

Pref : By induction .

Base case : Hz -- f ; t) satisfies HzHE= [I g) .

Assure for h=2k
, Un satisfies the property . HnHnT= n In .

Now for 2h
,

( Hz ④ Hn) (H2 ④ Hn)T I



= (Hz ④ Hn) ( Ust ④ Unt )
= 4242T ④ Un Hut ( check ! )

= 2 Iz ④ 12 In

= 2h Isn

RM cm
,
r =D

A
message polynomial will appear as { mot Eg mi Xi }

dim (RMCM , D) = Mt I

dmin (RMCM, i)) =
2M

- I

Length = zm
.

How do we find the generator matrix ? We need k -- me 1in . indes
codewords

.

The Mtl polynomials we can choose are 1
,
X

, , Xz ,
- - -

,
X
in

these have clearly tin . in deg evaluations

evaluation of 1 : (A , - - ja )

evaluation of Xi : ( o u so - - - to )
↳
I whenever ith bit is set .

For ex - Armin, =

o

' '

o
i i )

O l O l

For some binary V E tzn
,

Let V = ( C-DY . . .

,
C- IT

" )
i - e . O (→ 1

This is called Ile
"

bipolar representation" i → - I



Let c be a codeword '

Let C be its bipolar representation .

let
y be the received vector and Y be its bipolar representation.

We want to do MHD decoding, but not by comparing.

µ

Consider the dot product of C and Y, for some arbitrary C '
w

= L C- c)Cic - i )
"

corresponding to c' C- 8 .

i r

= { f- 1)City
:

i

if both Ci and y ; are same
,

that coordinate becomes 1 . If Ci and

yi are not save that coordinate is - l .

= (n - du ( c
'

, y)) - ( dulcis)]
= n - 2dm ( c' , y) .

Try all C' and return c
' that maximizes c

'
. Y .

Mt I

size of Code : 2 .

[ ÷.?!""
tf

Now the rows of Have the bipolar representation of all linear

combinations of the rows of Armani) .

observation : armcm.is ' ( ( I s ) )
(Mtl)X2m



-

'

.
The 2Mt ' codewords can be partitioned into -

i) 2M codewords by combiningthe last in rows .

ii) 2h coleworts by adding 1 to each of the above .

The bipolar representations of the codewords from ii) can

be derived from those in it g and so can the dot product .

Lets focus on the i ) .

suppose these codewords were co
,
Ci
,

i -

; Czk , .

this gives a 2m×2m mati"

( °÷m
,

]
Example - Arman = ( ! ! ! !)

O O O O O r z t O r zoff:S?
-

fo i o l or
. ers

rows 00,0 ,

'

o

' ) rat or.

rz-lr3.ie
::

-

-

fi.÷÷÷l
which is the save as Hy !



31 - Man Hadamard contd .

Naively computing Hyun Yi takes 0 ( 2M. 2h) time .

Using a
" fast hadamard transform

"

we can bring this down
to ocmzm)

Fast Hadamard Transform

Lemuria : we can write Ham = M!
''m . - - MIL where -

Mani
"
=

Izm - i ④ Ha ④ Izi - i

observations :

C:.io?ixoli.i?xoli-:il.i..--l:...gxol
-

=p:c :L
Every row has only two ones .



Fast Hadamard Transform -

Using the lemma, we see that .

Mzmci
)

.
VT requires only 1 operation per row

for some v of length 2h .

i
. Hzm YT -_ Mzm

' "
. . . Mini) YT

Then Mzmli) Yi
't

requires 2h operations -

where Yit = Maim" y! ,
Ym = Y .

Doing in such multiplications gives us 0(m2m) operations

Proof of Lemma

Given : Ham = Hz ④ 42Mt

Induction on m :

Base Case '

. For m -
-
l

Hz = H2

Ma
'
= Iz, - ,

④ Hz ④ Iz . - i

= Hz
.

Suppose for m = m - l
,
the decomposition holds -

Hzm = Hz ④ Ham- I

= Ha ④ ( Malini . .
. . Mimi

")



Iz ④ Izmit -a. ⑦ Hz④IzmE0i - a

2M-12

= ( Ia . Iz - - - Iz . uz) ④ (mini - - . mini
' )
)

[ ( A④B) ( c ④ D) = ( Ac ④ BD)]

⇒ ⇐④ mini. ) . - - ( as ④ n'iii.i)
t

t

Mam Mzmm = Izm - m
④ H2 ④ Izm - i

(Exc : Prove)
= Us ④ Izm"

More about structure of RM codes

we are interested in RM decoding in the probabilistic error

model .

" Recursive Projection Aggregation
"

decoding of RM codes

(Min Ye
,
Emmanuel Abbe

,
Feb 2020) .

→ Reduce RM cm, r) to RMC m- S , r
-S)

→ When it hits RM (m -rtl
,
i ) use FUT .

Rehashing majority logic Decoding -

y = 2M Length

consider 2
'


