
Survey Raper

Tate a bunch of local random decisions that converge to

a global state that adheres to
a required distribution .

# P → class of hard counting problems .
Mc sampling : Allows us to approximate answers to these

sort of problems .

Consider a simple MC for In Lep . Set .

i ) choose V C-RV

ii) if V C- It then move to state It - {v } .

iii ) Else if V # It and EV} ✓ It is a valid in deep . set

their move to It ✓ {V }

iv) Else don't move .

Looking at the transition Krob -
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Definition : MC is ergodic :
i) irreducible : tf u,y It s - t . p Cn, y) so .

( at some point I can reach anywhere from anywhere
with non - zero probability . )

ii) aperiodic : fu
, y god ( Z t I ptln, y ) so} - t .

( there is no bi partition , a bipartition would cause one
side of the cut to be non zero at odd tire steps and



the other side at even tire steps .) .

Notice that the irdep set chain is both . Particularly , the self loop
makes sure that bipartition is impossible .

This can work on any chain
- add self loops with some const

Prob and it will aperiodic ( however there may be a small ,
constant cost to the runtime) .

Lazy drain : Lz prob of self loop at each state .

Main Lemma : Any finite, ergodic MC converges to a

unique stationary distribution IT
. i. e . fu, y as t → a

pt (n, y) = Tty) .

Detailed Balance :

For an ergodic
MC with trans prob P

,
if it

'
: r → ED

is
any function

s- t .

( )

item) . 7cm, y) = IT ( y) . p Cy , re ) s . E .

E
.
IT

-

(m) = I then IT
'

is the unique stationary
NER

distribution .

chains satisfying detail balance : time reversible .

Notice that for the in deep set chain, p CI , I
' )

= p ( I
'

,
I) = I . for I ⇐I

'

- ⇒ detailed balance
n

is satisfied as -

In - in, = ht .
1- . ⇒ IT

'
Ln) = 1-

Irl 154

uniform distribution



Natural Questions -

i) can I choose a more complicated distribution -

ii) How long does it take to converge .

Metropolis Am : Answer to question 1 .

Starting at u repeat :

i) pick a neighbour y of se with prob ¥ .

i

!?,
move by with

'

prob min ( o
, yid,) .

with remaining prob stay at a .

Claim : Detail Balance is satisfied .

Verify : LHS = I minfl, TCI ) . it (m)
2b Mn)

RHS =L min ( i , ITI)) . it Cy )
20 IT (y)

Now if Itn) > city)

then LHS = 1- IT Cy) ,
RNS = I . I . IT Ly)

20 20
thence equal

similarly if IT (n) L ITC y) also
.

Going back to the IS example, suppose we want to sample
with prob

'
where Z = I X

't '

B the normalizing
Z FI constant -

consider I and I
'
' I U Ev } in the MC.

Here I I
'
I = II I + I

⇒ IT CI' ) = XITCI)

⇒ P ( I. I ' ) = In min (X¥,
)
'

,

t) = Lamin (Est)



But P ( I ' , I) = In min ( A- , ¥ ) .

Notice that Z is gone . ( we don't know how to count

it
any way , thats a

#p problem .

Again , verifying detailed balance
,

LHS = ITLI) . In min (i , x)

RHS = * LI ) . tu min ( l , ÷ )
if X L 1

,
LHS =

, Rns = XT .
1

.

2h 2h

× I 1
,
LHS = ) ,

RHS = I) = II's
2h 2h X 2h

In both cases LHS = RHS .

Mixing Time
time taken for an MC to converge to its stationary distribution

Deth : Total Variational Distance at time t

H et
,

it Htv = muzz I feel May) - Alys )

choose the worst source and find LI norm . and divide by 2.

Deron : For E > 0
, mixing time TLE) is

TCE) = min { t / H ptcnsy )
,
IT Htv E E , Ftbt}

Rapidly Mixing : if TLE) is bounded by poly (n , log LED
where n is the size of each configuration .

(for ex - #nodes in the graph for the IS chain) .



For Xo
,
Xi
,

- - n

, Xie, - , eigenvalues of the transition
matrix s -t . I = Xo SIX .IS/XilV- i then-

Defoe : spectral Gap Xo - IX , I = I - X
.

.

Theorem: Let IT
*
= min IT (m) . For all Eso

,

KES

a) Ice) E

'T,
' 09 (IIe)p - X,

b) Tee) Z 21,1¥, 109 Get)

unfortunately this neat trick isn't useful when the

transition prob matrix B unavailable. i -e . when the

state space is exponentially large .

Couplings

Dern : A MC on A xD defining (Xt , Tt)E=o sit-
i) Xt and Ye are copies of M
ii) tf Xt = Xt then Xttl = Yeti .

i - e . i) Each when viewed individually simulates the original chain .

ii) once they both agree, they agree from that time

forward
-

Deth: For initial - States n
, y

1-
MY

= min Et / Xt = It for Xo -- n
,
F- y }



i - e . the first time they agree .

Deen : coupling Tine T = Max ECTm 's]
my

Thin : Ice) E TT een e- ' 7

Toy Example : sampling a point from a boolean hypercube .

The natural flip a bit OAR won't work since its bipartite
( odd and even # bits set ) . So a modified chain -

Mcentee

starting at Xo = Co
,
o
,

- - -

,
o ) do

i) Pick ( i , b) E 21
,

- - in } x { 0, I }

ii) Xtt ' = Xt with Xt Ci y = b .

This gives us transition prob PLX,y) = In , dlx,4) -- A

{ I s x = y
°
,

01W

Now if you want to couple , start from two vertices Xo and

yo update these with the same Li, b).

⇒ if we have updated each bit at Least once , by pigeonhole
principle they must have collided .

Apparently this converges in Gcn login) .
due to coupon

collector

⇒ coupling time : Ulugh



⇒ mixing Tine TLE) = n inn e en e
"

the 2

= 0 (n then e
- t
) )

coupling Proofs may get more complicated
it the distance

b/w configurations increases . for the hypercube this distance

is non decreasing ( because the update is the sand . when it can

increase , the argument doesn't work directly , but if
in expectation if Lecveases , we can use some

theory of random walks to show an hlogn coupling time.

Pash Coupling

Finding expected change in distance is not straightforward .

Bubley and Dyer showed that it is sufficient to
consider only pairs of configurations that are close.

i - e . consider a small set U E thxr that are close

in some distance metric , 0 . For ex - pairs of configs
with hamming distance h . Now suppose expected

change in distance is decreasing for all pairs in V .

To reason about some arbitrary X
,
Y E r .

Let ↳ = X

- - -

Zr -- Y define a shortest path from X to Y of

length r , where ( Zi , Ziti) E U -

⇒ 0C X,t) = t.IO/Czi , zit ,) - Each of these individually
decrease in expectation . then by linearity lol x ,y)

also decreases in expectation .



tormay : Let 0 be an integer valued metric defined on
rx r which takes values in { o , . - -

,
B} . Let U be

a subset of hXI such that for s - E for all

cut
, ye) in her there exists a path 2=20 , . . ;y=2r

S- t (Zi
,
Ziti) E U . and

r-
l

& 0 (Zi
, ziti ) = ⑦ (Xt

, Yt)
i'- O

Let M be an MC on Sh with transition matrix P .

consider a random function f : r → I
,
such

that Pr (Fbc) =y ] = P ( n , y) .

Define a coupling of the MC by (at , ye)
→ ( htt . , Yeti)

= ( f-Cues , Flye) )

i . If there exists BLV s.t.EC/0lae-isyttD7EB0Lnt.yt )
for all @t.ye) C- U then the mixing time satisfies -

T CE) E lnCBe ( B is max metric)
I - B

ii l 't B =L i tf F L > O S- t Rr ( 01Mt -11 , y #Dt 01kt,yt))
Z L . For all Nt , yt then

tie) E fzB
-

Irene
- ' 7

Glauber Dynamics

i. with prob = 1/2 do nothing .

2
. ( V , c) ER V x { I

,
. . .

,
R}



3 . If v re colored with c is valid recolor else do nothing .

Transition matrix is symmetric ⇒ converges to
uniform

distribution over all valid k - colorings .

lets look at coupling here. Let Xo , Yo
be two ar bit

,

valid k -

colorings . Lets update both with the save

update LV, c) .

The
'

- TLE) = Oth en che- i )) for an n - vertex graph with

k I 30 t 1 .

Look : bet no
, yo be starting configurations . At each t , choose

( v
,
c) UAR and update both set an yt as defined

.

Let 0 : exe → I be the humming metric .
i - e - the train no .

Of colors to flip to reach one config from another . there

notice that the max possible shortest distance B = 2h

(not sure - won't htt be enough ?) .

bet U be the set of pairs of colorings at 0=1 . Now we

are interested in change in 0 ( r
,
s) , Cr , s) E U .

Suppose wi's the vertex that differs in r and S ,

i) if W -
- V
, neighborhood is sane

,

hence either distance

decreases ( if both accept the c ) or remains sane .

There are at Least k - O colors that will be accepted -

⇒ E cool ) E - Ix
+ 0×11 - (ZE))

kn

E -¥ .

ten



ii) Cyr) EE : if they both accept or reject the distance is

unchanged . However if a = Xcv) for either
,
the distance

will increase by A- .

⇒ ECO0) E 2- for fixed w .

⇒ for a possible cos
, Eco E 0-2

Kw

Kh

Iii) w FV and Cw
,
D GE : there the change

in debt is always
0 since both will either accept or reject .

⇒ Eco ⇐
In f

- k -10+20) = 30-h.hn
⇒ if k > 30 , E COO)

-I

⇒ ICE> ⇐ ln2
'

p - 30--4
ku

For tight bound let k -- 30+1

⇒ ICE) E In h E
-I

-

i
- L
kn

= O Lulu@e
- t ) )

Extensions
-

→

choosing better coupling .

Glauber Dynamics can actually proven to converge
with

the abortive even if k > 20 . this accreted by

looking carefully at case ii.

→ changing the Markov chain .
possibly add extra moves or update more than one note



at a fine . Anything that makes analyzing these distances more

efficient . In fact
,
it is proved that rapid mixing of some

modified chain implies rapid mixing of the original
Glauber dynamics .

→ Macromoves : Add a "
warm up

"
or

" burn in
"

period
that randomizes the configurations before each step .

✓ igoda and Heyes have extended this concept to work during the

coupling phase itself .

Flows
AT

intuition : slow mixing time is caused by some sort
of bottleneck -7 exponentially small cut .

Minuet
conductance of a chain -

F- or S C S
,
Let

Os = & Q Cn,y)
NES

,

-

YES
IT CS)

where Q Lu, y) = it ( u) . PCN, y) .
This can be

thought of as the capacity of edge ( x, y) .

And IT Cs) -

- E toes is the weight of the
UES

cut set .
( weight of edges crossing the cut ) .

( I don't see how) .

Conductance OI = min Os
Stites) Etz



Intuitively - low conductance ⇒ there is a bad cut.

since Os can be thought # as a cut divided

by gTLD . This is sort of a min cut .

Thur
.

For MC with conductance E and eig rat gap
aap ( P) = I

-H ,
I
,

FIE Aap Ce ) E 2E .

We know Gap ( P) relates to Ice) as-

the> Easy,
' og G¥e)

b

min tee)
n

⇒ small E ⇒ small Gap ⇒ Larger Ice) .

Maxton

consider a (R ,
E =

non zero transitions) . Now

min cut corresponds to a max flow

⇒ for each pair of N, y Lepine canonical path Pay
per = { Nay I n, y E D ,

set y 3 .
( some orbit path)

⇒ congestion SCM ) = maex fqettm.IT 'D .

Soke edge in the
i. e -

an edge appearing in more path .

paths is more congested.



Think of each path from a toy as carrying
TCU) ITC y) unite of flow

. Congestion of measure

the max ration of load routed through edge
e divided by it capacity Q le) .

Let I = Minn JCM) .
Lcr) where l is the Max

length of any path in M
.

Thurs. For an ergodic , tener si ble MC with stationary
it and self loop prob Ply , y ) I Iz f y E r

Ince) E 5- ( log itch
"

t log
e
" )

consider the hypercube chain . Choose r that makes

paths by moving left to right and flipping bits
as they mismatch .

SCF) : consider an edge e .

Now I itch) TLS) . Now ITCH-_ IT ⇒ just have

to connect Thy the #path containing Cu , v ) .

if u
,
v differ in the ith bit

,
first i - I bits of u

agree with the end of the path , y -

similarly last h - i bits must agree
with k

,

the start of the path .

⇒ a = ( al - - - hi - I
,
Ui

,
Vi .

- - Vn )
Y = ( v

,
-
- - Vi , y it s

,
-

- - yn)



⇒ 2
"
"

ways to assign u ,
. - - ki -i

, yit ,
- -

i

yn

⇒ & it ( n) ITC y) = gut .

.
zn
-'

= 2-4+1 )
CE Muy

Tin) play)
p p

Also , Q le) = ant .#

⇒ SCM) = nz
""

. z
- Cn")= n

e Cr) E n

⇒ c- CE) ⇐ n ( log 2
"

t log E
- ' )

Ex¥s to flee- badd analysis

suppose we want to sample from the set of matchings
in a graph , S - E -

IM 1

IT CM) = it where Z B the usual
Z

normalizing const .

Consider an MC that does -

i) Choose an edge e = Cu
,
v ) uniformly .

ii ) if e E M remove it with prob min ( I , u
- ')

iii) if e IEM and both u and u are unmatched

add it with prob min ( I , m) .

iv) if exactly one of u and V are matched remove

it and add edge Cu
,
D -

v) Else do nothing .

This is sortof a metropolis chain
.



If X and t differ by one edge -

and I Xlt I = I Y)
,

ITCH . 94,4) = M¥1 . Im .

min ( i , u)

1×11-1
IT ly) - PLY

,
X) = Mf . Im min ( I

,
U

-
')

if U f I (and similarly for an sa) .
1×1+1

us = If
" ! Lm v u = I = RNS .

Z m

'f X and X differ by 2 edges .

and 1×1 = 171

+ex) . p (Xi) = MI
"

- In
which are equal .

it Ct) - PLY
,
X ) = ¥

"
. Im

unlike the hypercube example , we can't just count paths.

Let k
, y be any

two matchings in a . consider x ④ y
to be a graph with save vertex set but xon

of edge secs . This must be a collection of alternating
cycles and paths -

To define a path from a toy on the chain we

take the first component of 2-0 y -

Here a "

step
"
involves removing an edge from

K and ( it exists) adding the alternate edge
to X . Repeat until all original edges from X



in the component is removed .

Now consider an MC transition (yr) . How many
paths from se to y pass through Lu

,
r) .

simultaneously consider a path from y to se . Now

y ④ n is sane as n ① y .

Now you can
do some interesting stuff : explored in another

paper to analyze this .

there is also a variant known as balanced flows .

Auxilary Methods -

comparison : modify Mc without significantly changing the
mixing time

.

Let F and a be reversible MCs on the same state

space r with the same scat . distr IT
.

' t Tp CE) is known / bounded and we want

Ipcc) we use -

> For each se
, y with FCK, y) so

,
define Tay

with pl ni , Rita ) so .
Let 1 ray ) be length of

this path .

Let m ( z, w ) = { c n, y ) / ( 2
,
w) C- They }

the set of paths that use ⇐ w ) transition .

Define A

¥⇐µ, { ÷E,w, @jgen4.jBolted
- NMB



then : aap CD I ¥ Gap ( F )

issue : save state space . very restrictive .

Decomposition
Idea : Break down the chain into multiple pieces and relate

overall runtime to those of the smaller chains .

Formally break r = hi , . . -

,
rn disjoint

subsets .

Transitions are - Pi La, y) = p (se, y)
if u

,yes;

pi ( nie) = I - I play) .
Teri

Iti ( AE r) = ITCAn
itch : )

Now transitions bro partitions are determined by-

FC is d) = ¥n ;, Zen ,

ITCH Pcn, y) .

YEDj

item: aap CP) I £ . Gap (F) * ing!?,m Gap
ceil

commonly studied Models

t . Independent sets : a be a graph and r be the
-



set of independent sets in or . Think of each indef
set as a

map from V to 30,13 and no two neighbours
can both be colored 1 .

Let Xo
,
X
,
be the

"

tesirability
"

of having a
vertex in or out of an LS - Bethe weight -

w CI ) = IT Xf CD

✓EV

This means ITCI) = WEIL

E w CI
'

)

I'ER

2
. Colorings
f : v → Sri , - - ;k3
r i set of proper k - colorings .
Let Xo - - - Xie be weights associated with each

colors .

Wcc) = IT Xfcr)
✓EV

3 . Matchings

f: E → 90,13

Again
Xo
,
X

,
are weights .

Wcm ) = IT Xfce,
EEE

if Xo =L
, X , =u for integer

M
, WCM) weights

matchings as it a was a multigraph with all parallel



edges instead of eachtree edge .

¢.
Pai internodes
For
any h vertex Afv, E )

,
Let Sh -

- {l
,

- -

; q}noble

f : V → { I
,

. - -

, q}

Define asymmetric setof weights { Xi; = Xji } For

each pair i, j E El - - - E3 weight each configuration
by

Wco) = IT Xfcu> fu )
↳VEE

Thus we can get qk-colorings that favour some edges .

For ex if Xij = d for all i Fj and X ij = 0 for i=j

gives uniform distribution on proper K-coloring.

Unifying Framework for these problems.- -
- - -

in statistical physics , models represent simple physical systems.
Systems favor configurations that minimize energy .

The energy function on the space of configuration
is determined by a Hamiltonian H co ) .

wed = exp f- BH co 's) where B = ¥

For low rates of B (high T ) the diff btw energies
of configurations is tampered .

At high B ( low T) the diff are magnified .



Likelihood of each configuration : ITCE) = WI
z

Z = to wet ) known as partition function .

This overall distr is aailed Gibbs ( Boltzmann disk .

let state space be the set of in dep sets of a graph .

H ( I) = - I Svet = - III . where S - { f- if VEIVEV o
,
0/0

Now the prob distr -

TCI) = e

- BHCI )

-

Z

B III
if e = X

,
we get ¥

. this is called

the hard - core gas
model

.

Another model is the Ising model . Given a Graph
with n vertices, look at the 24 ways of assigning
spin It .

H (6) = - E ou = I Deal - IA CoV
(un) EE

where D is the set of edges where 6nF a
A- Ou = 6v

Then ITC6) = 1- exp(
- B ( IDC 6) I - IAC6) t )

Z

= exp (- BC I El - 21A Cost)
= exp ( B IED . exp C- 2B IA Coll)
-

¥4, ,gnexp ( BIEL) . expf - 2B DA cost)



= exp(-2Blh#)
to exp C-2B IAcell)

this is a special case of pairwise influence where

q =3 ,
Xoo = Xi, = exp L

- 2B ) and Xo, = Xio

= I .

For larger q , the pairwise influence model

specializes to the potts model.

Some Terms " translated
"

physics ⇐

monomer - diner coverings matchings
diner coverings perfect matchings
Hard-core gas model Independent set
spin bit

Ground States Highest prob configurations
around state in Potts vertex coloring
Partition function Normalizing tonstaut -2 .

connectivity degree
activity lfngacify vertex weights
interaction Cdge weights
ferromagnetism positive correlation

anti - ferromagnetism negative correlation
mean field Ku

Bethe Lattice complete regular free

Polynomial mixing
rapid mixing olulogh) mixing .


