
Linear codes

fehevafor Matrix : Let { Ci
,

- - -

,
Ck } be a basis for

[n
,
k ]q code 6 Then generator matrix

a-- I :')
Cn

k-1h

Thus this matrix representation is a way to get
a

code by simply finding K in dep vectors
, and taking

their rowspace
-

Here rank (G) = dimcrowspaceca)) = dim (6) = K
.

Reed Solomon codes
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If all Li are distinct matrix is full rank .

Proof : If dis are distinct , any K columns are

1in . in deep . It is sufficient to show first K columns
are .

I

consider [
'

its determinant
: .

qai
' ' ' : ] .

= IT (Li -2;) (cheek)
%
"

i=j

⇒ If every ✗ i ⇐ Lj ⇒ each term

⇒ Det =\ 0 is non zero ⇒ prod nonzero.

⇒ vectors are 1in . indep .
-

⇒ rankCU) = k . =
dimension ( B)



what is the min distance?

claim : dmin (b) = n - k-11 C Singleton bound with equality ? )
Proof :

Recall linear combinations of the rows is equ
to

multiplying the G with a coefficient vector.

i.e . 8 = { c l c -- ma }
Hk kxk

Any non zero codeword is gion by M€0 .

[ mom ,
" - Mr! ftp. . .

. - t.gg. . )
= ( § Midi Jenga! . - - ?yMj2n )

p
For non zero polynomial

.

⇒ A polynomial mcx) = mo t m,
X + mzx2 t - - - thnx

"

is evaluated at Li
,
Lz
,

n
- - Lk

.

Now a poly of Leg d has E d roots .

( in Eq )

⇒ MLX) can have atmost K -I distinct roots .

⇒ At most K- I ask the dis can make m (di) = 0 .

⇒ wa ( c ) Z n - Ck - l) t c E E

⇒ min wa (c) z n - k -11 .

CE b

C F 0

But by Singleton bound ⇒ dmin(b ) t n- ktl

⇒ Waco) = dmince) = h- htt .



Remark : Li s are distinct hence q z n .

can there be MDS codes with field size q
L n ? Very recently

it
was shown that you

need
q
= Ocn) ( or • Crn)

not sure) .
Evaluation based code : Cote is generated by evaluating
a polynomial

+ynomials
on

Fq

Ers = { (mcd ,) ; - n

,
mean) ) / t mix) t Foz Cx ] ,

deg (McxDtk
-I}

Decoding of RS codes ( Error Locator Polynomials)

Given [ n,k, dmin ]q RS code 8ps , a channel with

the worst case error model .
Needed

.

for MHD to work.
r

Design the code s - t . d.min ( Gns) = h-htt = 2ft l .

Trivial MHD decoder : Run a linear search over all codewords

⇒ 0 ( I 81 ) = OC qk ) I ocqh ) since Ken is const.

Can we do better ?

Error Locator Polynomials : A polynomial EG)

s -t .
ECX) Id

;
= E Cdi ) = O iff y ; t m Cdi )

where y is the received vector , and m is the

message polynomial
.

Suppose we have such an ECX) . We can evaluate

it at each Li . If it is zero then that position has

an error.



Notice now that

Yi EC di )
= medi ) Ecxi ) , t i .

since it
y i t m Chi ) both sides becomes eero .

Let NCX) = MCX) ECX) = no th ,
X + . . . + n

xdeodn)

F- CX) =
eo + e , × + . - . + egg , ,⇒×degCE

) degas

Now we have equations of the form-

Yi ( eoteiditezq.lt - - - t

edge,⇒dide9⇐
'
)

=
no t h, hi t - - - t hdegcn) ditto

")
for each i .

Each of these are linear equations in variables eo ,
. - i

, edges
and no

,
- - -

, hsegcn ) -

A solution to these gives us both the polynomials NCX) and ECD

( and hence MCX) ) .



Jan 27 To show : i) There exists a solution to the above system .

ii) if there are multiple solutions
,
they yield the

same message . i. e . N.ci#=MCx)---N2Cx3-
it gives- Efx) Ezcx)

O whenever

g.
*
Muni)

and deg CE ) Et and deg CN ) ⇐ (k - 1) tt

needs h equations : yi Ecxi ) = Mcd ; ) E Cai ) = Ncdi)
so

es
-

zero f i E Cn] .

t

degce,
Xdegf⇒Let E ( x) = eo te, X t - - - t e

N (X) = hot . - - t h
degcnj X

Les CN)

Proof : Lets define ECX) such that EKi ) - o iff

mcxi ) Fyi

choose E Cx ) = IT (n - Li)
ie { il midi) Fyi }

whine just showing that such

a polynomial exists -
The decoder doesn't know this.

If we now define Nlt) = MCX) - EG) and this

is a solution to the system .
Notice deg (E) =/ { ilmkiltyi}

= t
.

What if there are multiple solutions? Does their ratio give us
MCX) ?

la =2tt I

claim : if deg ( EG)) ⇐ t = del =
h - htt - I

= nd we

2 z
2

have a unique MEX) .

(note ⇒ Leg CNCX) ) = Leg CECX)) t Leg (m) = t t k - I

Pref : consider N , (x)

EE,
= NY
Ezcx)

⇒ N , ( x) Ezcx) = Nz
Cx) E , ( x)



consider bcx) = Nic x) Ezcx) - NZCXIECX)

To show : bcx) = O .

Degcb) E (ktt - I) t t
E k -12T - l

But 2ft I = h- Kt I

£8) (Singleton)

⇒ tegcbcx)) E n - I

Also
,

N
,
(Li ) = Yi . E

,
ki) since it satisfies fee

system of equations.

Similarly , Nahi) ' Yi EzChi )

⇒ b Chi ) = N
,
Chi ) EzChi ) - Nzcdi ) E , ki)

= Yi E ,
(Lil Ezcdi) - y ; Eddi)

Ee Cti)
= O f i C- Cn] .

But n s n - I

=) h -I deg polynomial has move that Ch - c) distinct

roots - -

'

. By the fundamental theorem of algebra, b (x) is the

zero polynomial .

⇒ The ratio is sane for all solutions
.
since we

found one solution with ratio = in Cx)
,

all solutions have ratio mcx) .

⇒ We have an Ochs) t complexity of poly division .

I
solve the f

linear system with Find the ratio

Gaussian Elim of E and N -

to find E.and N .

This is called Berlekamp - Welch Algorithm .


