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PATH - COUPLING

Last Time :

Tmixce) t ftp.x.EFLcoueu] e en (E) )
Usual steps :

i . Define a Markarian coupling
on the same Markov chain

starting at arbitrary
States .

2- Bound the Expected time steps

for the scales to coalesce .

3- Plug in above .



Difficulty : How fo bound

E [ I couple ]
for

arbitrary States ?

One way : Let d be a metric on

the state space r .

Ict) E Pr ( Xt * TD = Pr ( dcxe.tt)sl)
By Markov Inequality ,

E E [ dcxt.tt)]

It at each time step this expected
distance decreases

,
then we can

bound Tmix .

Path couplings helps us create couplings
where this happens .



Path coupling Theorem

consider a weighted graph
G = ( D

,
Eo) with edge weights
l
,
and l ( n, y ) Z 1 .

Note : This need not be the graph
of Markov chain transitions .

The length of a path in G ,
say

Ho
,
K

, ,
- - -

, Nr is given by -

Ey l Cai -i , ni ) .

Define a distance metric dcx , t ) to
be the shortest length path in the graph

Let D = diameter (r) = mangy d cases)
Exc : Verify this is a metric .
dcx,X)

= O d Cx
,x) t d (x, z) Z L C X , z)

dcx,D= dcx, x)



Theorem

suppose that for
each (K

, y) EE there is

a coupling ( X , , Yi ) of Pr ( N
,
. ) and

Pr ( y , . ) such that -

E [ dcx , ,x )) E B dcu.us
2

Then ( BE CO , D)
t

d Ct) E DP

corollary
For Dpt E E
⇒ see

⇒ t log ( ¥) s log (E)

⇒ t s log(D) - logCE
)

log ( BT
'

⇒ C-mix CE) E f- log CD)
- log Ce5

log ( p )
"



Example Application
Boolean Hypercube MC
1 . Choose I Er [ h]

,

r Ep { o, I }

2- set Xt+ , [ i ] = r

Xt # Cj ] = Xt Ci ] ,
t j # i

Here
,
I = go , 13h

Let E = {ye
, y) / ze and y differ at

exactly a position}
Let dcu

, y ) = # positions at which
se and y differ

( Hamming Metric)

there D= h
,
since two States

can differ at atmost n positions .

Now for any (n, y ) E E
,
whoa assume

that they differ at i .
.



Define the coupling -

i) choose i Er Cn ] , r ER { oil}
ii) set Xt+ , Ci ] = Yet ,Ci ] = r

Xttl Cj ] = Xt ( j) t j * i

Yeti [ IT = Yt Cj] f j ⇒ i

Now d. (z
, y ) = 1

In order to bound E [ d ( X . ,
Y

,) ]
,

case 1 : i * i '

⇒ d ( x , ,y , ) remains same
-

case 2 : i -_ i '

⇒ d. ( x, , y , ) reduces by A-
.

" ECDCX
, ,
Y . ) ] = t - I

n

± exp ( - yn)

⇒ D= exp C- Yn)



-

i

. By path coupling theorem

Tmixce) E log ( h) - log ( E)

log ( exp th)
" )

.

E n ( log (n) - log Ce))

= O ( n log Cn ))

Note : The same Mc analysed using
coupling needed some intelligently defined
Geometric n.rs . this is much simpler !

Glauber Dynamics
f- . Choose a vertex UERV , C Er C

2 . If c & { Ecw) / we Ncu)} then

Atl (u) = c

Get , ( w) = G- Cw) t w # u

3 . Else Get , = Ge



Here D= Set of all valid k
- colorings

"

Define deco, I) = I { v l ou ) FTW) } I

Diameter D= h .

= / VI

Let E = { ( o, I ) / d ( o , T ) = a }

Let Go, E) EE differ at vertex V .

Consider the coupling -

I . Choose UERV
,
C C-RC

2 . If c & { Ecw) / we Ncu)} then

Atl (u) = c

Get , ( w) = G- Cw) t w # U

3 . Else Get , = Gt

4 . If C f { Ttcw) / w e Ncu) } then

Ttt , ( u) = C

Teti (w) = Te (w) f WI U

5- Else Ttt , = Tt -



In order to bound IEC d Ca, -4 ) ] ,

case k : if U # V and Ufc Ncr )

there distance remains same since the colors

of the neighborhood are identical in
Go and Teo .

Case 2 : If u = V

Distance decreases by 1 if the update
goes through in both chains . This
occurs when none of the colors in

Ncr) are chosen .

i. e - Pr ( u=v ,
C El { qcwllwencv )} )

> In k£-4 worst case v has D neighbors
-

each having a distinct
color .

Case 3 : If u E N (✓ ) ( least possible available colors)

If C = GCV) or T Lv) ,
the update will

go through in only one chain .

Hence the

distance increases by a .

This occurs with prob € 1- .
D

⇒ E[ deco . ,
Ti )] E It far k¥ +1. 2¥
I 1 1- In ( 30- k)

For K = 38+1,

⇐ e - L
kn



± exp f- In)

By Path coupling Theorem,

Tmix CE) = log (n)
- log ( E)

Ykh

= O ( nklogh)

Proof of the path Coupling
Theorem

suppose the coupling was global . i - e . for

all N
, y Er there is

a coupling ( X . ,y , )

of P ( K , o)
,
P ( o

, y ) such that

E [talk , Yi ) ] E B d ( Xo , Yo)

Then
,



E [ dcxt.tt ) ] E Bth ( Xo , Yo)
← BTD

Recall
,

dict) E Pr ( little) = Pr ( dat , te) Z1 )

( Mairnkor ) I ECdcxt.tt ) ] ⇐ ptp

Thus if we show that a coupling for

every edge implies a global coupling

we are done .

Proofs : consider any two
States set

, y
'
tr

Let ( no ,
N

,
,

- .
.

,
u r ) be the min

length path .

Let X
,
Y be a coupling for

P ( n'
,
.) and Ply .

.

.)



Let Ali )
,
B
" '
be a coupling for

PCRi , . ) , P ( Kita ,
a) such that the

contraction property holds .

Now
,

- l

E [ dcx , ,Y . ) ] E E [ iQ
,

decaf" , B:"))
f 0

( exc : why is this true)

r- I

⇐ E E [ d ( Ai
'
' '

,
B

.

" ' ) ]
i =D

( pyo contraction
←

Property )
E B Eid ( ai" , Bci" )
E B .

de ( Xo
,
Yo )


