
30 Jan List Decoding
we have seen unique decoding : i.e . for each received

vector y
,
we want to return a single codeword

as the estimate of the transferred codeword .

Flipped what if we want unique decoding in the ball of radius t

Picture around any received vector y
,
I only one c E 6

Then how large can t be ?

→ E E d
2

" "

what generalization is possible? RS basically solves everything
(except for the field size issue ) .

What if we don't need unique decoding?

Lets define Be (y) to be the ball of radius e around y .

Notice / Be Cy) n b / E 0cg" ) t e (trivial)
Also for Unique decoding / Bec y) h 81=1 for e I dz/

For what values of e can I Be Cy) n ee I = poly ( u) ?

Potential Application : Transmitted codeword is one among

the
" list

"

of potential words in the ball .

i) Now among this list you can look
for the transmitted code -

The search space is now polynomial .
One way is for the transmitter to retransmit the

index of the correct transmitted vector .

This needs extra log Lg information .

size of list



Coded nearest neighbour ?

Definition : net O L f Ll
,
and L be some are integer.

A code b E FI is said to be ( f
,
L) list decodable

if for every received word y C- In
,

I { CE b d Cy , c) E Sh } E L

Johnson Bound

if S L Jq( In) ,
then b is ( y, qdn) decodabhe .

where Jg ( s)
⇒

( i - f) ( i -FE)
Note : L E n - ktl

⇒ L = q d n z q h2
= Och

' ) if q is constant
.

L

polynomial
proof Outlive -

Assume I Bely) h 61 = M - suppose q = 2 ,

show : M E 2dm
,
for e = Sn where S L Ifl -Eze)

let Bely) n b = { c , , cz , - - -

, cm}

We know
,

d ( Ci
,
c ; ) Z d

Also Let 9! = C ;
-

y



Notice wacci
'

) = wy( ci - y ) I e

Also du Cecil , Cj
' ) = Lucci , cj ) I d

Let s = £ ducci.ci ) z (1) di,j
i=j

Lets get an upperbound
for 5 .

consider a Matrix -

ci ci
. . . Cri

HXM

Suppose how A- has M
,
non - zeros . =) There are (M -ma)

ceros - Only these contribute to the sum S .

⇒ row contributes me (M -ma) to s

in general , row i contributes Mi (M - Mi ) .

⇒ s = £ micm-mi ) =MI mi - 2mF
i i i

For an upper bound for S , upper bound M Emi
i

and lower bound & mi
'

n

let é É Imi
= Total weight of all / Average weighty5=1

M vectors of vector

M M



Tate a E (Mi , . -
-

,
Mn) ( some real vector of length n)

b ⇐ ( th , . - -

, ht )

Now La
,
b >

Z

E Hall'llBIT by Cauchy Schwarz .

⇒ ⇐ mi5 e Emil @ '

a. ) -

- a' Emi
'

2

⇒ g. mi
'

z Cammi =
(MIZ
h

⇒ s = M ( Cmi ) - Emf

E M ( ME ) - MIZ
h

← m
-

( e- - E )

⇒ (2) d E S E MY E - EI)

⇒ cm d E M ( e- - E )
⇒ m ( z - e- +E) E I

⇒ Mf
'

) E d

⇒ M E du

d n - 2 e- h t ze-
2



Multiplying and dividing by 2 ,

= 2dm

2dm - 4én + yet

completing the square ,

= 2dm

2dm + h2 - h2 - 4éh-14%

=) M E 2dm

- n ( n - 2d) + (n-2e#

We want M to be poly in n . Suppose M I 21h

Then
,

( n - Zé)
"

- h ( n - 2d) Z 1

We know e- c- e

⇒ (n - ze)2 - n (n - 2d) = I

⇒ (h - Ze)
'

z a + n (n - 2d)
=) ( n - ze) = FÉ

⇒ n - ze >É

⇒ e- :(FE )



Feb 6 Every code 6 with d =D is (DII , i ) list tecodabhe .

Recall: ( S
,
L ) - list Iecodabhe ⇒ There are afnrost L codewords

in a ball of radius 5h

As q →
a
,

Johnson's bound gives-

et y L ( I - Fda ) = I - Fen ( singleton)

q -3N Now d Eh -ktl/ ⇒ n - desk-1
Fraction of

correctable errors ~~ p -µfn
= radius = e h

⇒ e
.

= e- I l -f where R is the race.
n

trx codeword

9

Notion of '
correct

'
in (f

,
L) list decoding : If dy ( c, y)

L

E f n rx vector

Then C should belong to the list of decoded otp vectors .

Welch - thertekamp -

want to generalize W - B to List Decoding .

f = I - 2K ⇒ List size is polynomial .
6

This is worse than ( by Johnson Bound) .

What Johnson's bound allows

A way to ensure correctness is by making sure that

all possible codewords which are at distance E En

from y should
be in the list .



Recasting B - W algorithm

Polynomial 1 . Define QCX , -1) = y ECX) - NCX) .

Interpolation where dog (E Cx)) = t

Leg CNCX)) = ktt - I

step A- of B -w ⇒ finding Q such that QCLI , yi ) - O
-

for each i = I
,

- - i

,
h .

Factorization 2 . Find a polynomial of the form (y - ri CX) ) such that

a) tegcmcx ) ) E K - I →
message Length is k -

b) ( y
- ri Cx )) / Q ( x , -1 )

c) dy ( y , ( Fica .) , - - -

,
ricans)) Et .

→ codeword should

be in ball
.

Intuition for (b)

suppose nicx) = N¥, , then ACHE Cx) - N CX) = O .

consider Qcx ,
t) = y Ecx)

- NC

For the above condition to hold
,
Atx) must be

a root -

⇒ ( y - Atx )) must be a factor .

Alternatively
,

if ly - ricx)) / ye CX) - NCX)

⇒ ( y
- Atx)) . qcx) = YE CX)

- Nex)

⇒ yqcx) - Fr Cx) qcx) = ye CX)
- Nex)

⇒ rt Cx) = ycqcx) -Eu)) t Nex)
qcx)

For qcx) = ECX) , Fru) = NC
ECX)

'



Generalizing for List Decoding

A- . Interpolate QCX , t) given Q (di , Yi ) =O ,

i =L
,

. .

>
h

.

2 . Find ALL A (x ) which satisfy -

a) Leg cortex )) E K
- I

b) ( y
- nicx)) / Qcx , -1 )

c) du Cy , couch. ) , . .

; mean))) E 9h

Notice finding all such Frcxs ensures that the original
message appears because mcx) will satisfy all the

above conditions -

when does step t work ?

The polynomial is of the form-

QLX
,
'll = t.EE qijxiyi

⇒ Qcd , y) = i£o§o ohijdiyi = o .

Thus we have h equations and ( atl) (bti) unknowns .

r

1h Matrix form -

call: =

hxr rxl hell

when will there be a non - zero solution ?

→ when h E r .



If we don't want a unique solution , h Lr .

=) n L (at 1) ( btl) .

i - e . ( deg × ( Q) + c) ( Leg > Ca) ti ) Sh .

Suppose Leg , Cas
=L and Leg y Con) = Thy -1

This satisfies the above condition . Now we want to find

another condition for l so that the conditions for

step 2 holds .

i - e - ( Y - rtcx ) ) / QCX , y)

Define RCX) = Q ( X , MCX ))

Then ( Y - MC x) ) / Q ( x , Y) iff RCX ) = 0 .

( since Mex) is a root of Q)
.

l Me

Notice
,

RLX) = § § Ei; Xi ( MCXDJ
b

deg =
K - I

-

'

- deg ( Rex)) E t t Ck-Dnf

At every agreeing position , y ;
= Mcdi )

, evaluating R,
( there are at least h - e)

RCL ) = & qij digi = Qcd
, y)

= o -

( by definition )

⇒ R has at Least h- e distinct roots .

⇒ Rex7=0 it n - e s e t Ck -1) the



For the tightest bound , differentiating RUS we get,

I - (kh = O

12

⇒ ez = Lk -D h

-I = n Ck -D

⇒ n - e s 25¥

⇒ e < n - zTE

⇒ I = ne = I - 2
=

I - 2K



Cloth and
13cm cancelled

due to quiz)

Feb 17 Johnson's Bound allows us l - TR but our algorithm
gives only I - 25k .

Can we do better? Turns out we can do I - IR .

Recall decoding is correct when the list contains the

transmitted code-oud.

This is guaranteed to happen when all possible
coleworts that are at distance E Sn from y

are in the list .

Essential Idea : Define acne, y) more intelligently -

observation : To prove that every MCX ) with

deg ( Mex)) E K -I and du Cy , (MCL .) . -
- pecan)) )
⇐ e = 5h

we used a degree argument on RCX) = QCX, Mex )) .

Recall Leg CR Cx) ) E deg×CQ) t Ck -Ddegy ( Q)

For the new algorithm ,
assume a different structure

for QCX , 'D such that D = Leg ( Rex))
.

-

i

= max {( it Ck -Dj) / n' y ' exists in Q with non zero

coefficients }
is smaller than # roots of Rex) = h-e .

i.e
.
h - e > D ( so that R is zero polynomial)
⇒ e < n -D



smaller the D
, larger e . However D is restricted by

Q since to
-

interpolate if the product of degree ont

X and t should be more than h .

- : Goal - choose Q so that

a) e- L h
=

I - Fr
n

b) # coeffs of QCX ,Y) s n .

Algorithm

A- . Define Qcx , t) = ¥ qij Xiii

itch-DIED

Now deg CRCX)) € D by definition .

We will fix the value of D later when it becomes apparent

we have to still make sure that # coeffs S n .

Observations -

i) for i t Ck - Dj E D
,

i z o
,
j z o

then i ← 1¥, )
ut e -- 1¥ )

D - Ck- Dj

⇒ £ & I = # coefficients .

j=o i -
- O

= £ D - Ck -Dj + I

j --0



j¥*⇒⇒ D >_L¥jkD
= (ett) ( ☐ +D- ( K -D & j

j=O

= ( ett) (Dtl) - ca - 1) l(£
= M¥ [ 2D + 2- l%¥]

=

¥-1)[ 2D -12 - D]
Also I-11 >

¥,

⇒ I ¥n+g[ D -12]

⇒ # coeffs I D(D-2#
2(K- 1)

For interpolation we need Dz¥I¥ > n -

-
: pick D= ME

2 . Find all ÑCX) satisfying the 3 conditions -

Show degckcx) ) L n - e .

Now n - e > D = %-)

⇒ e < n -ED

⇒ s ← i - FEE = i - Fr



Class 10 Recall Johnson's bound guarantees that polynomial sized
( Recorded) list upto a radius of l - TR

.

But our previous two efficient algorithms didn't reach this .

Algo 2 Recap
1) Interpolation : Find Q ( X, Y) sit - Q Chi , y ; ) = 0 ,

it
,
.
-

; n

( to find this we imposed some degree constraints ) .

2) Factorization : Include all Nicu) that satisfy-
i ) deg (rich)) E K - I
ii ) ( y

- rien) ) / Qlx, 'D
iii ) dm ( (rich)

,

. . -

,
Alan))

, y) E e = Sn

checking correctness

correct ⇒ transmitted message polynomial M B within

the outputted list
. (given that y

is at distance at most e)

We can ensure this by seeing if Ci ) and Ciii) are satisfied

then Iii) is also satisfied .

i. e-
,
for any MCX) satisfying Ci ) and Ciii) ,
Rex) = Q ( X , MCX)) is the zero polynomial .

Notice that if this is true (y - Mcu) ) / Q Lx , y)
'

Note : degCRCX)) = ( I , k - t) degree of QLX , 'D

=

? { it j ( K - l ) / F nonzero coefficient

qij in Qcxil) }
this is because MCX) itself has degree Ce -D .



construction motivation for algorithm 2
.

Motivated by step 2
,

define QCX
, y) as -

Q ( x, Y) = & q ; ;
xiyi

i
,
j

it jck - 1) ED

How to choose D ?

#roots of R CX) Z h- e . ( which would imply zero poly)

=) n - e - D

.

.

.

e < n - D we want to choose D so that

e < I -FR

⇒ # coeffs of QCX
,
t) > # equation satisfied by the

coefficients of QCX, t) .

Recall LHS was ID
2 Ck -D

RUS was h
.

So if D2) s h
,
then we're dove .

2 (K -t)

Algorithm 3

I
. Interpolation : Find non - zero Q (X ,

'D sit - ( I
,
k - 1) deg

of a E D such that (Li
,
Yi ) is a root of Q

with multiplicity r .
I

we'll define this later .

Increasing this multiplicity increases the no . of constraints .



Claim : there are now hcrtl)r constraints .

-

2

we # coefficients ⇒ DCD > n(r#r

want { 2. Ck- D 2

Thus if D= hr (rtl) - Ck - D
,

we'll see that een L l - TR will work .

Formalizing Claim 9- '

- IF ( ai , yi) is a root of

multiplicity r , for each i -_ I
,

. - -on
, then

the

# constraints satisfied by the coefficients of

QCX ,
-1) is nrcr .

2

2
. Same as the previous two algorithms .

Again correctness is ensured by a degree argument
on R ( x) = Q ( X , mcx)) .

i. e . # roots of RCX) > deg (RCX) ) =D .

( counted with

multiplicity)
⇒ (n - e) r S D .

Claim : nee
L l - TR given that D= nrcr-1171k -D

Proof : (n - e)r SD

⇒ e e n - Dy = n -

, nuts
⇒ e- L l - Crt)
n nr



Now if we choose r = K-I
,

En L l - JE =
I - TR

claim 2 : If MCT) is a poly such that (a) Leg (MCM) E K -I

(c) duly , Mla
,
-en
) Ee

and QCX
, y) is a poly obtained from step I , then

Rcx) has at Least h - e roots in {d , ,
r - -

,
an }

each with multiplicity r .

i. e . If Li is a root of RCX)
,

( x - di)
" I RCX) .

Multiplicity of roots
f- Isis has a root at 0

,
with multiplicity r, if u

" / Fca) Cor)

f- Cn) does not have monomials of degree < n -

Fca) has a root at L
,
with multiplicity r ,

if Cn - 251 Fln) -

Note : f Cn) has root L with multiplicity r iff f- (sett)

has root o with multiplicity r .

ie . ser / Fenton)
or f Cn -1L) has no monomial of deg < r .

Qln , y) has a root at co , o) with multiplicity r if Qcn, y)

contains no monomial of total degree < r .

Cor) to qijxiyj , q ; ;
= o for OE its

'

E r - I
.

For example - Q (x, 'D = (XH) (x - Y) has multiplicity 2 .



Note : Qu, Y) has a root at Ca, y) with multiplicity r
,
if

Q ( X th
, Tty) has root co

,
o) with multiplicity r .

Claim 9- '

- tf ( ai , yi) is a root of multiplicity r ,
for each i -_ I

,
r - -on then the # constraints satisfied

by the coefficients of QCX ,t) is nrC .

2

Proof : ( di
, Yi) being a root of multiplicity r ⇒

Q (Xxxi
, Hy ; ) has root at co

,
o ) with multiplicity r

⇒ QCX -12 , Yty) = ,§ qij ( XXL):( xty)J

-

= § Em.
xiyi

we have Ii ; =o ,
t it j E r - l ( by multiplicity?

For every j E CO, r - I] ,
we have i E [ o

,
r - I - j ] .

r- I

⇒ # i,j is C ( r - j ) = K2 - rLr
j-- o z

= 2r2_r2+r
= r (rtl)-

-

Z Z

⇒ rlrtz) coeffs of QCXTL , Yty) are zero .

( each of which are constraints) .

Lets try to find qij in terms of [ is. .

I qi; (xx Cttygi = I gig , xilyi
'

i. j is ,
-

I

itjck-1) ED i'tjllk-1) ED



" "

t.si ; [ gig ii.yxiai.it/f..&..ofigyi.yi-iy
= ⇐ Eis' ÷. ( fi ) ( sj ) xi'yi'ai

- i'
yj
- ji

= i&⇐÷
.

Eiji! ) ( g) Li
- i'
yi
-i ' ) xilyji
-

Iii .

Thus each (Li
,
yd

,

i -- I
,

. -
-

, n gives rLrz equations .

Claim 2 : If MCI) is a poly such that (a) Leg (Mcm) E K -I

(c) duly , Mla
,
-en
) te

and QCX
, y) is a poly obtained from step I , then

RC x) has at Least h - e roots in {d , ,
r - -

,
an }

each with multiplicity r .

i. e . If di is a root of RCX)
,

( X - di)
" I RCX) .

Proof : Again y = MCLI) at at Least h -e positions , hence

RLX ) = Q ( x , M Cx )) is 0 at at least h - e positions.

Let ( x, y) be atok such position , we want to show that RCX)

has root at x with multiplicity r .

Equivalently , Rcxtd) is divisible by Xr .

R ( x -1L) = q ( X -1L , MC Xxx))
= Q (x -1L , Mcxtd) - y + y)



= Q ( xtd
,

NT Cata) t y )

We know that Q ( xxx
,
Yty) does not have a monomial

of degree L r .

Note : oil Xtd ) = MC xxx) - y
,
we have

M~ ( OTL) = M Lott) - y = Mcd) - y = o -

⇒ X / Fic x -121 ⇒ mix -12) = x. gcx)

( for some glx))

Now Rcxtx) = Q ( x -12 , rtcxtd) ty)

= §, Ei ; Ximcxxsli

= Ei ; Xixirgcx)i

= I gig. Xitigcxs ⇒ xr I RCXTL)
ij
. C

' : its
'

Ir)
itjzr


