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COUPLING

Total variation Distance

11M- vHiv = FEI (MCA) - wa))
w

Distributions ↳ Luca)
on S KE A

Equivalent Definition :

Hou -Htv = LE Iucn) - any
KER

Proof : suppose A maximizes all CA) - VCA)
,

Then A must be { i / ueci) z veil }
( other is will make a negative contribution)

⇒ I Eminem - vous

= I Eatmon) - any TIE turn- any
KHA

=

lzqen.mn) - Ha) - I I ruin) - un)u #A



= I Enea aunt-un) - ( t - Echelon)

=

(
+ C ' - Eames))

I [2 UCA) - 2VCA ) - it I ]
= UCA) - VCA)

Triangle Inequality : as x Norma Cee -V)
satisfies triangle
inequality

coupling
A coupling b/w Il and V is a pair of random

variables ( X
,
y) defined on a single prob

space such that PK - n) = Illa)
L

Marginal p (ty) = V Cy)
wrt a

↳ marginal
Wrt y

Example Application :

co in AT
H with prob 9

coin B
-H with probq

- T ow → T 01W

Suppose Hach) = # heads after h tosses of A

HB ( n) = # heads after n tosses
ofB



P L q .

Claim : Pr ( Hain) > k) E Pr ( Hrscn) >k)

Proof '. Define a coupling on {H ,T}Z as -
I . Toss coin A

.

If tf
,
set coin B

also to H .

2 . If I set coin B to H with some

prob p
"
and tails otherwise.

How to make this a coupling ?
Marginals : Notice Marginal on A is identical

to coin A .

Marginal on B -

• Coin A

we want - Ma - p

p -14 -p) . P
'
= q .

.

⇒ pre g - p
" m raffia.

- u,H HT
( I - p)

Let Xi = { A- , if the ich toss of the coupledcoin has coin A =H

and similarly 0
,
ow

Yi for coin B -



Notice that whenever Xi =L
, Xi =L by

the coupling .

⇒ Xi k Yi

-

r

. taxi III. Yi ⇒ Hahn) E H Bch)

⇒ Pr ( Hach) > k) k Pr ( Hosch) > k)

TV Distance and coupling

claim : Hou - VH int { Nxt.IT/Cx,y) is a
coupling of X

and Y }Proof : Let ACS be the event that
maximizes decay - NCA)

.

For any coupling
(x,-D -

⇒ all A) - VCA) = Pr ( X EA ) - Pr (YEA)
= Pr ( XEA , YEA) t PRCXEA , -14A)
- A(YEA, XEA) - Pr ( YEA, HEA)

↳ ignoring
⇐ Pr (XEA , YHA)
⇐ Pr ( x * y ,

d sub -event



Lets explicitly construct a coupling for which

Pr ( x * Y) = Hell - Vlttv

Let p =L min (aka) , Vcu))
KES

= & men) t E Vcu)
KES

Red
men> Even clean> sun)

Adding and subtracting & men) -
RE SL

p § cute) Ulu)soon)

= It I @ cm) - alla))
Red

Mtn) > Doe)

p = I - Hell - Ntr

consider the coupling -

( i) Flip a coin with prob (H ) = p .

If H , choose Z acc to the distribution -

min (alias , vous)
P

and set X = y= Z



( ii) If T
,
choose X acc to

Ucr) - Vcu){ "on
,

-yy.y.ir-iecn.ua
,

and choose Y acc to

{
"Y , -1%7 , it nonsense,

O
, 0/0

Notice the marginals -

WRT X : if Welk) S Vcu)
,

Prcx --a) = pfminlulcnp) , nm)) + ( i -a) faecal-un)Htt-Mtv

= minluum.HN) -1 Hit - Mtv (wtf 47¥
.
)

= Vcu) t mln) -Vln)
= men) .

if mln) E Vcu)

Pr (X=n) = deck) to = Uca) .

I

similarly Cort Y .



Here , if tails , X #
since they are chosen from

disjoint subsets of
S

⇒ Pr (xxx) = I -p = I - I + Hell- Vlltv

= Hill - V Htv

MixingTime
Let dct) = Max H Fln, .) - ITH,

NER f stationary
worst

starting distribution Distribution

Now tmix (e) = min {t tact) E E}
I

First time step
where distanceless

than E .

dict) and Ict)

Ict) = maag H ptcn. . ) - FG .

.#

Claim dit) E Ict)



HMM .) - Mtv = maahs (Pt (n, A) - ITCAD

Now , since IT is stationary ,
ITCZ) = equity) . Ptu , z)

⇒If ITCZ) = Gritty> In. 949,2)

:
- H Ha , .) - ITH

-

- HEL(Masa) - Faith) My ,aD
= MAIL( featly) . pttn,A) - featly) ptly ,AI
⇐

Gritty) AMEL 4mA) - ptcy , A))

← YEE FEI ( ptln.AT
- Mart))

Exc : show Ice) E 2day ( i
- e - ICH is

a good approx
for dct) )

Markarian coupling
A Markov Chain ( Xt , it) on RxR s -t -

i . Pr ( X et , = n' I Xt -- n , Yt = y) = Pr ( n' be)

ii. Pr ( Yet , = y
'

l Xt = n, Tt = y) = Pr ( y' ly )



Coupling Time

Tcouphe = min {t Xs = Ys
,

for set }

Claim : Let Lx*
,Yt) be a Markarian coupling

and Xo = K
,
Yo = y .

µ pt(a, .) - Fly , a) Her ⇐ By ( Troupe > t)
Distributions

after X starts fromR

and Y from y .

Proof :

H ptcn, .) - Pty . .)Htv E B ( x# 'ht)
( from the previous

lemma)we can always couple so that once Xt = It
,they remain together . This can be done by

making the same transition in both chains
.

⇒ Pr ( Xt *Yt) = Pr ( Toupee > t)
d

since once they meet
they will be equal .



Corollary : Lett u, y E s there is a coupling
(Xt

,
Yt) sit . Xo = k , Ho = y

da) = mgeax Hptln,
.) - IT Hiv

⇐ Itt) = max Hatta. .) - Hy . .#u
n, yes

I Max Pr (T couple St)
Myer

By Markov Inequality -

dct ) E max Eckard
MYER t

For Tmix ( E)
,
find Min t s -t -

Max ECeu] se
Gy Es

t

General Theorem

Tmix ( E) t ftp.yaexnEFLcoueu]
een Hell


